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STOCHASTIC HEAT EQUATION 
WITH ROUGH DEPENDENCE IN SPACE 

YAOZHONG HU, JINGYU HUANG, KHOA LE, DAVID NUALART, AND SAMY TINDEL 


Abstract. This paper studies the nonlinear one-dimensional stochastic heat equation 
driven by a Gaussian noise which is white in time and which has the covariance of a fractional 
Brownian motion with Hurst parameter H £ (^,i) i n the space variable. The existence 
and uniqueness of the solution u are proved assuming the nonlinear coefficient a(u) is dif¬ 
ferentiable with a Lipschitz derivative and cr(0) = 0. In the case of a multiplicative noise, 
that is, cr(w) = u, we derive the Wiener chaos expansion of the solution and a Feynman-Kac 
formula for the moments of the solution. These results allow us to establish sharp lower and 
upper asymptotic bounds for E[u n (f, x)]. 
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1. Introduction 


In this paper we are interested in the one-dimensional stochastic partial differential equa¬ 
tion 

du k8 2 u , . ■ m , , 

~dt = 2d^ + a ^ w ’ t ~ 0, ( L1 ) 

where Iff is a centered Gaussian process with covariance given by 

E[W(s,x)W(t,y)] = i (\x\ 2H + \y\ 2H - \x - y\ 2H ) (s At), (1.2) 

with 1 < H < 1. That is, Iff is a standard Brownian motion in time and a fractional 
Brownian motion with Hurst parameter H in the space variable and Iff = For this 

stochastic heat equation with a rough noise in space, understood in the Ito sense, our aim 
is twofold: on one hand, for a differentiable coefficient a with a Lipschitz derivative and 
satisfying cr(0) = 0, we will obtain the existence and uniqueness of the solution. On the 
other hand, we shall further investigate the special relevant case a(u ) = u. We now detail 
those two main points. 

(1) Since the pioneering work by Peszat-Zabczyk [24] and Dalang (see [9]), there has been 
a lot of interest in stochastic partial differential equations driven by a Brownian motion in 
time with spatial homogeneous covariance. After more than a decade of investigations, the 
standard assumptions on Iff under which existence and uniqueness hold take the following 
form 

(i) E[H'>, x)W{t, y)\ = A (x — y) 5 0 (s — t), where A is a positive distribution of positive type. 

(ii) The Fourier transform of the spatial covariance A is a tempered measure y that satisfies 
the integrability condition f R yyjFp < oo. 

In case of the covariance (1.2) under consideration, one can easily compute the measure 
fi, whose explicit expression is fi(d£) = Ci i #|£| 1 ~ 2 ' H d£, where c\ t n is a constant depending 
on H (see expression (2.2) below). In addition, it is readily checked that y fulfills the 
condition j R < oo for all H G (0,1). However, the corresponding covariance A is a 
distribution which fails to be positive when H < |, and the covariance of two stochastic 
integrals with respect to Iff is expressed in terms of fractional derivatives. For this reason, 
the standard methodology used in the classical references [9, 11, 24] to handle homogeneous 
spatial covariances does not apply to our case of interest. 

In a recent paper, Balan, Jobs and Quer-Sardanyons [3] proved the existence of a unique 
mild solution for equation (1.1) in the case u(u) = au+b, using techniques of Fourier analysis. 
The method used in [3] cannot be extended to general nonlinear coefficients. Indeed, the 
isometry property of stochastic integrals with respect to Iff involves the semi norm 

2 u(f, x) — ( / E|u(£, x + h) — u{t, x)\ 2 \h\ 2H ~ 2 dh 

where A(g iP is defined in (3.2). Then, if u and v are two solutions, — cr(v)) 

cannot be bounded in terms of ATi_ H2 (u — v), due to the presence of a double increment of 
the form a(u(s, z + h)) — cr(v(s, z + h)) — cr(u(s, z)) + cr(v(s, z)). To overcome this difficulty 
we shall use a truncation argument to show the uniqueness of mild solutions, inspired by 
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the work of Gyongy and Nualart in [15] on the stochastic Burgers equation on the whole 
real line driven by a space-time white noise. The main ingredient is a uniform estimate of 
the L p (Q)-norm of a stochastic convolution (see Lemma 4.2). Due to this argument, the 
uniqueness is obtained in the space (see (4.1) for the definition of the norm in Z^), which 
requires an integrability condition in the space variable. 

The existence of a solution is much more involved. The methodology, inspired by the work 
of Gyongy in [13] on semi-linear stochastic partial differential equations, consists in taking 
approximations obtained by regularizing the noise and using a compactness argument on a 
suitable space of trajectories, together with the strong uniqueness result. 

Once existence and uniqueness are obtained, we establish the Holder continuity of the 
solution u in both space and time variables. We also derive upper bounds for the moments 
of the solution using a sharp Burkholder’s inequality, as well as the matching lower bounds 
for the second moment by means of a Sobolev embedding argument. Summarizing, we get a 
complete basic picture of the solution to equation (1.1) in the case \ < H < \. The critical 
parameter H = ~ is worthwhile noting, since it is also the threshold under which rough 
differential equations driven by a fractional Brownian motion are ill-defined. 

(2) The particular case cr(u) = u in equation (1.1) deserves a special attention. Indeed, 
this linear equation turns out to be a continuous version of the parabolic Anderson model, 
and is related to challenging systems in random environment like KPZ equation [16, 5] or 
polymers [1, 6]. The localization and intermittency properties of the linear version of (1.1) 
have thus been thoroughly studied for equations driven by a space-time white noise (see [21] 
for a nice survey), while a recent trend consists in extending this kind of result to equations 
driven by very general Gaussian noises [8, 18, 19, 20]. 

Nevertheless, the rough noise W with covariance (1.2) presented here is not covered by 
the aforementioned references, and we wish to £11 this gap. We will thus particularize our 
setting to cr(u) = u, and first go back to the existence and uniqueness problem. Indeed, in 
this linear case, one can implement a rather simple procedure involving Fourier transform, 
as well as a chaos expansion technique, in order to achieve existence and uniqueness of the 
solution to (1.1). Since this point of view is interesting in its own right and short enough, 
we develop it at Section 5.1. Moreover in this case we can consider more general initial 
conditions. 

We then move to a Feynman-Kac type representation for the solution: following the 
approach introduced in [19, 18], we obtain an explicit formula for the kernels of the Wiener 
chaos expansion and we show its convergence. In fact, we cannot expect a Feynman-Kac 
formula for the solution, because the covariance is rougher than the space-time white noise 
case, and this type of formula requires smoother covariance structures (see, for instance, 
[20]). However, by means of Fourier analysis techniques as in [19, 18], we are able to obtain 
a Feynman-Kac formula for the moments that involves a fractional derivative of the Brownian 
local time. 

Finally, the previous considerations allow us to handle, in the last section of the paper, 
the intermittency properties of the solution. More precisely, we show sharp lower bounds for 
the moments of the solution of the form E[u(t, x) n ] > exp(Cn 1+ «T), for all t > 0, x G R and 
n > 2. These bounds entail the intermittency phenomenon and match the corresponding 
estimates for the case H > | obtained in [18]. 
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The paper is organized as follows. Section 2 contains some preliminaries on stochastic 
integration with respect to the noise W and elements of Malliavin calculus. Section 3 deals 
with basic moment estimates and Holder continuity properties of stochastic convolutions. 
We establish the uniqueness of the solution in Section 4. To do this, first we derive moment 
estimates for the supremum norm in space and time for the stochastic convolution. In order 
to show the existence, we need to introduce several spaces of functions in Subsection 4.2 and 
derive compactness criteria. Section 5.1 deals with the parabolic Anderson model, that is, the 
case <r(u) = u. In Section 5.2, we derive Feynman-Kac type formulas for the moments of the 
solution which allow us to derive sharp lower and upper moment estimates and intermittency 
properties. 


2. Preliminaries 

In this section we introduce some of the functional spaces we will deal with in the remainder 
of the paper, as well as some general Malliavin calculus tools. 

2.1. Noise structure and stochastic integration. Our noise W can be seen as a Brow¬ 
nian motion with values in an infinite dimensional Hilbert space. One might thus think that 
the stochastic integration theory with respect to W can be handled by classical theories (see 
e.g [7, 9, 12]). However, the spatial covariance function of W, which is formally equal to 
H(2H — l)|x — y\ 2H ~ 2 , is not locally integrable when H <1/2 (in other words, the Fourier 
transform of |£| 1-2J7 is not a function), and W thus lies outside the scope of application of 
these classical references. Due to this fact, we provide some details about the construction 
of a stochastic integral with respect to our noise. 

Let us start by introducing our basic notation on Fourier transforms of functions. The 
space of Schwartz functions is denoted by S. Its dual, the space of tempered distributions, 
is S'. The Fourier transform of a function u G S is defined with the normalization 

Fu{£) = f e~ l ^ x u(x)dx, 

Jr 

so that the inverse Fourier transform is given by J r ^ 1 u(C,) = (27T) -1 JDi(—£). 

Let X>((0, oo) x M) denote the space of real-valued infinitely differentiable functions with 
compact support on (0, oo) xR. Taking into account the spectral representation of the covari¬ 
ance function of the fractional Brownian motion in the case H < \ proved in [25, Theorem 
3.1], we represent our noise W by a zero-mean Gaussian family ip G Z>((0, oo) x M)} 

defined on a complete probability space (fi, T, P), whose covariance structure is given by 

E [W{<p) wm = c 1>H [ JV(s, 0 lei 1 " 2 " dsdt, (2.1) 

J R+xR 

where the Fourier transforms Ftp, FJj are understood as Fourier transforms in space only 
and 

C\ h = — T(2H + 1) sin(nH). (2.2) 

2tt 

The inner product appearing in (2.1) can be expressed in terms of fractional derivatives. 
Let (3 be in (0,1). The Marchaud fractional derivative Dj_ of order f3 with respect to the 
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space variable is defined, for a function ip : R + x R —> R, as follows 

D^_tp(s, x ) = lim D®_ e ip(s, x ), 

£—>0 

where 

f°° v( s * x ) “ V(s,x + y) 


(2,3) 


= f(I^S) 


y 


1+/9 


dy. 


We also define the fractional integral of order f3 of a function ip : R + x R —> R by 

I ?.il>{s, x ) = Yyfj J ip{s,u)(x -uf^du. 

Note again that here the fractional differentiation and integration are only with respect to 
space variables. Observe that if ip = I^ip for some ip G L 2 (R + x R), then by Theorem 6.1 
in [26] we have 

Dtp = D^_{I^_ip) = ip 

and, hence, 


C+Xll 


D l3 _ip(s,x ) dsdx — I ip‘ 2 (s, x)dsdx < oo. 


The previous notions can be related to our noise in the following way: it is known (cf. [25] 
for further details) that 


E [W(ip) W(iP )] = c 2 


H 


Df H <p(s, x)Df H ip(s,x)dsdx , 


i+Xl 


where 


C2,H — 




-i 


(2,4) 


(2.5) 


for any if, ip G V(( 0, oo) x R). 

Based on the previous observation and relation (2.4), we introduce a new set of function 
spaces. Indeed, let be the class of functions ip : R + x R —» R such that there exists 

ip G L 2 (R+ x R) satisfying ip(s,x) = II ip(s,x). The relation between Sj and our noise W 
is given in the following proposition. 


Proposition 2.1. The class of functions Sj is a Hilbert space equipped with the inner product 
(</?, ip)sj C 2 ,h / D! H f{s,x)DI H ip(s,x)dsdx , (2.6) 

JR+xM. 

and X>(( 0, oo) x R) is dense in Sj. Moreover if Sj o denotes the class of functions ip G L 2 (R + x 
R) such that f R xR f)\ 2 \^.\ 12H dfds < oo, then Sjo is not complete and the inclusion 

i5o C $) is strict. Also for any ip,ip G fj 0 , 

{<P, $) a = ci,h [ J r p(s,f)J r ip(s,f)\£\ 1 ~ 2H d£ds . (2.7) 

J M + xM 


We refer to [25] for the proof of this proposition. Note that in [25], the functions considered 
there are from R to R, but by scrutinizing the proofs we see that the results of this paper 
can be easily extended to our case, i.e. for functions from R + x R to R. We omit the details. 
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Let us now identify our space Sj with another classical space in harmonic analysis. Indeed, 
according to Proposition 1.37 in [2], for any fi G (0,1) the homogeneous Sobolev space 
HP can be defined as the completion of the space of infinitely differentiable functions with 
compact support with respect to the norm 

\\f\\%p= [ \ D -f^)?dx = c\ p [ [ \f(x + y) - f {x)\ 2 \y\- l ~ w dxdy , (2.8) 

Jr Jr Jr 

where c 2 , g = (1/2 — /3)/3c~\_^ and c 2 i_g is defined by (2.5). As a consequence, our Hilbert 
space Sj can be identified with the homogenous Sobolev space of order f3 = | — H of functions 
with values in L 2 (M + ). Namely Sj = H^~ h (L 2 (M + )), and for any f E S d the quantity ||/||^ 
can be represented as 

\\f\\l = 4 i_ H [ [ [\f(s,x + y) - f(s,x)\ 2 \y\ 2H ~ 2 dxdyds. 

’ 2 Jr + Jr Jr 

From Proposition 2.1, we see that the Gaussian family W can be extended as an isonormal 
Gaussian process W = {W(<f>), <p E $)} indexed by the Hilbert space $). 

Let us now turn to the stochastic integration with respect to W. Since we are handling a 
Brownian motion in time, one can start by integrating elementary processes. 


Definition 2.2. For any t > 0, let J- t be the a-algebra generated by W up to time t. An 
elementary process g is a process given by 


9 (s,x ) = J2 J2 Xi ’j 1 KA]( S ) 
i =1 j =1 

where n and m are finite positive integers, —oo < Gq < b\ < ■ ■ ■ < a n < b n < oo, hj < lj 
and Xij are T ai -measurable random variables for i — 1,..., n. The integral of such a process 
with respect to W is defined as 



g(s, x ) W ( ds , dx ) 


y! y Xj,j ® 1 (h jt lj]) (2-9) 

i= 1 j =1 

n m 

Y, Y i Wl o) ~ W ( a - l i) - W ( b ii h i) + h j)] ■ 

i =1 j =1 


We can now extend the notion of integral with respect to W to a broad class of adapted 
processes. 


Proposition 2.3. Let A h be the space of predictable processes g defined on M + x M such 
that almost surely g E S) and E[||g|||J < oo. Then, we have: 

(i) The space of elementary processes defined in Definition 2.2 is dense in A h- 

(ii) For g E A h, the stochastic integral f R+ f R g(s,x) W(ds,dx ) is defined as the L 2 (fil)-limit 
of Riemann sums along elementary processes approximating g, and we have 


g(s, x) W(ds, dx) 


= E 


1 ] 


E 


( 2 . 10 ) 
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1 _ JJ 

Proof. Let us prove item (i). To this aim, consider g G A H and set (p(t,x) = Df g(t,x). 
According to the definition of Ah, we have E[/ R f R |<^(s, x)\ 2 dxds) < oo. Then we will show 
that g(t,x ) can be approximated by elementary processes in L 2 (h2;i}) in three steps. 

Step 1. Recall that we have set H?~ h for the class of functions /, such that there exists 
h G L 2 (M) satisfying / = I 1 ! 2 H h. We show that the process g can be approximated in 
L 2 (h2;.f)) by functions of the form 

m 

i> m (s,x;w) = 5^1(o il 6 i] (s)0i(a ;; w), (2.11) 

i= 1 

where for each i, ) is an T ai -measurable L 2 (h2; H^~ H )-valu.ed random field. To see 

this, we just set 

m2" 1 pk2~ m 

if m (s,x-,u) = V] l((fe-i) 2 —,fc 2 -™](s) 2 m / g(r,x;u)dr , 

fc=l J(k-1)2~™ 

_1 _ jlj 1 __ jj 

and we easily get that D1 ip m {s, x; oo) —> Df g(s, x; oo) in L 2 {Pt x M + xf) as m tends to 
infinity. In this way we get the desired approximation. 

Step 2. We show that each if m (s,x;uj) of the form (2.11) can be approximated in L 2 (0;f)) 
by a linear combination of elements of the form Indeed, for each <pi(x;uj), we 

notice that since 

E / |Di H (pi(x]oo)\ 2 dx < oo , 

Jr 

1 _ jj 

the random function Df <f>i(x\(jj) can be approximated in L 2 (h2; L 2 (R)) by functions of the 
form Xjhj(x), where each Xj is an J- a . - measurable random variable and each hj is an 

element in L 2 (M). Thus, it is easily seen that <pi(x‘,oo) can be approximated by a sequence 
of functions of the form 

N 

3 =1 

So we conclude that x; oo) can be approximated in L 2 (fl;ij) by 

m N 

i=l j= 1 

where for each (i,j), X t j are T ai -measurable random variables and G L 2 (M). 

Step 3. Owing to Theorem 3.3 in [25] we know that 

Span jzTj H 1 (M] , h < /j 

is dense in A 0 := {Dl f : f G H in L 2 (R) norm. This observation and the results in 
Step 2 immediately show that il> m (s, X] oo) can be approximated by elementary processes in 
L 2 (0;f5)- This completes the proof. □ 

With this stochastic integral defined, we are ready to state the definition of the solution 
to equation (1.1). 
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Definition 2.4. Let u = {u(t,x), 0 <i<T,ieR} be a real-valued, predictable stochastic 
process such that for all t £ [0,T] and x £ R the process {p t - s (x — y)a(u(s,y))l[ O ^(s),0 < 
s < t,y £ R} is an element of Ah, where pt(x) is the heat kernel on the real line related to 
| A. We say that u is a mild solution of (1.1) if for all t £ [0, T] and x £ R we have 

u{t,x)=p t Uo(x)+ Pt-s(x ~ y)a{u{s,y))W{ds,dy) a.s., (2.12) 

Jo Jr 

where the stochastic integral is understood in the sense of Proposition 2.3. 

2.2. Elements of Malliavin calculus. We recall that the Gaussian family W can be 
extended to Sj and this produces an isonormal Gaussian process, where Sj is the Hilbert space 
introduced in Proposition 2.1. We refer to [23] for a detailed account of the Malliavin calculus 
with respect to a Gaussian process. On our Gaussian space, the smooth and cylindrical 
random variables F are of the form 

F = f(W(<f> i),...,W(0 n )), 

with (fi £ f), f € G^(M ri ) (namely / and all its partial derivatives have polynomial growth). 
For this kind of random variable, the derivative operator D in the sense of Malliavin calculus 
is the fj-valued random variable defined by 

DF =iJ • • • . W(4>n))<t>, • 

j = 1 J 

The operator D is closable from L 2 (G) into L 2 (fl;ij) and we define the Sobolev space D 1,2 
as the closure of the space of smooth and cylindrical random variables under the norm 

l|OC|| li2 = \/e[F 2 ] + E[||DF|||]. 

We denote by 5 the adjoint of the derivative operator (or divergence) given by the duality 
formula 

E[6(u)F] = -E[{DF,u) Si ], (2.13) 

for any F £ D 1,2 and any element u £ L 2 (Ll\$)) in the domain of 5. 

For any integer n>0we denote by H n the nth Wiener chaos of W. We recall that H 0 is 
simply R and for n > 1, H n is the closed linear subspace of L 2 (Ll) generated by the random 
variables {H n (W((f)), f> £ fj, ||0||^ = 1}, where H n is the nth Hermite polynomial. For any 
n > 1, we denote by Sj 0n (resp. Sj 0n ) the nth tensor product (resp. the nth symmetric 
tensor product) of Sj. Then, the mapping I n {<p 0n ) = H n {W((p)) can be extended to a linear 
isometry between ij 0n (equipped with the modified norm y/nl || • ||x 3 ®n) and H n . 

Consider now a random variable F £ L 2 (G) which is measurable with respect to the cr-field 
T generated by W. This random variable can be expressed as 

OO 

F = E[F] + £/„(/„), (2.14) 

n= 1 

where the series converges in L 2 (h2), and the elements f n £ Sj &n , n > 1, are determined by 
F. This identity is called the Wiener-chaos expansion of F. 

The Skorohod integral (or divergence) of a random field u can be computed by using the 
Wiener chaos expansion. More precisely, suppose that u = {u(t, x), (t, x) £ M + x M} is 
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a random field such that for each (t,x), u(t,x ) is an Ai-measurable and square integrable 
random variable. Then, for each (t, x) we have a Wiener chaos expansion of the form 


u(t,x) = E[u(i,l)] + y x)). 


(2.15) 


n =1 


Suppose that E[||rt||^] is finite. Then, we can interpret u as a square integrable random 
function with values in Sj and the kernels f n in the expansion (2.15) are functions in 
which are symmetric in the first n variables. In this situation, u belongs to the domain of 
the divergence operator (that is, u is Skorohod integrable with respect to W) if and only if 
the following series converges in L 2 (fl) 

poo P 00 

S(u)= / u(t,x)6W(t,x) = W(E[u]) + E I n +i(fn(-,t,x)), (2.16) 

Jo Jr* n=1 

where f n denotes the symmetrization of f n in all its n + 1 variables. We note that whenever 
u G A h the integral S(u) coincides with the Ito integral. 

Along the paper we denote by C a generic constant that may vary from line to line. 

3. Moment estimates and Holder continuity of stochastic convolutions 

This section is devoted to a thorough study of the stochastic convolution related to our 
noise W, including moment bounds and Holder continuity estimates. 

3.1. Moment bound of the solution. First we introduce some notation, which makes 
some of our formulae easier to read, and which will prevail until the end of the article. Let 
(B, || • ||) be a Banach space equipped with the norm || • ||, and let /3 G (0,1) be a fixed 
number. For every function / : M —y B, we introduce the function Mp f : M —>■ [0, oo] defined 

by I 

= (J \\f(x+h)~ . (3.i) 

When B = M, we abbreviate the notation A/If/ into Mpf. With this notation, the norm 
of the homogeneous Sobolev space H' 3 can be written as The following 

technical lemma will be used along the paper. 

Lemma 3.1. For any fj G (0,1), 

[ [A fpp s (x)] 2 dx < Cp^Ksy^ 13 . 

Jr 

Proof. Recalling that Tp s (£) = e~% s ^ and invoking Plancherel’s identity we can write 
[ [J\fpPs(x)] 2 dx = f [ \p s (x + h) — p s fx)\ 2 \h\~ l ~ 213 dhdx 

e - KS \tf\ e -itz _ i\2\ z \-i-W d zd£ 

F Kse \^dC, 



= CXB f 

JR 
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where the second relation is obtained by a scaling v = £ z in the integral in z and C^p = 
A- \e lv — l| 2 |n| ~ 1 ^ 2l3 dv, which is easily seen to be a convergent integral. Setting now 
p = (fts) 1 / 2 ^ in the integral in £, we get 

[ [J\fi3Ps(x)] 2 dx < , 


where Cp = C x ,p f R e 772 1 77 1 2/3 ch/. 


□ 


The transformation A/)f can also be defined for functions / defined on R + x R acting 
on the spacial variable, and in this case, Afff : R+ x R —y [0, 00 ]. Now £x p > 2, and 
suppose that / = {f(t,x),t > 0,s 6 R} is a random held such that E|/(t, x)| p < 00 for all 
(t, x). Then we can consider / as an L p (ff)-valued function and we will denote by A fp yP f the 
transformation introduced in (3.1) for B = L P (Q), that is, 


fifpj(t,x)=^j \\f(t,x + h) ~ f(t,x)\\ 2 LPm \h\ 1 2,3 dhj . (3.2) 

With the above notation in mind, the following proposition is essential in our approach. 

Proposition 3.2. Let W be the Gaussian noise defined by the covariance (2.1), and consider 
a predictable random field f e A H . Then, for any p >2 we have 



LP(U) 


f{s,y)W{ds,dy) 

where c 3ji g is defined by relation (2.8). 

Proof. Applying Burkholder’s inequality, we have 


< fW\-Hj(^y)? d y d ^j , (3.3) 



f{s,y)W{ds,dy) 


Moreover, using (2.8) we can write 


LP(Cl) 


< \/ 4 p 


11/(011 


HT. 


-H C 3 ,\-H 


\\f(s,-)\\ 2 ti i_ H ds 

L%(Cl) 

(3.4) 

f{s,y)\ 2 \ h \ 2H 2 dhdy. 

(3.5) 


We now invoke Minkowski’s inequality, under the form 


U(Z)ti{d£) 




< / lia({)||i. ( 0 )/i(<i£), 


for a measure fi on the state space S. Together with (3.5), this yields 


||/(OII J j*-H ds 


L§(H) 


— c 3 ,|-H 


|| (f(s,y + h) - f(s,y )) 2 || L § (n) \h\ 2H 2 dhdy 


= c 3 ,i -h / \\f(s,y + h) - f(s,y)\\ 2 LP{n) \h\ 2H 2 dhdy, 
J R 2 

from which identity (3.3) is easily deduced. 


□ 
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From now on, we fix a finite time horizon T. We introduce the following functions space 
which plays an important role through out the paper. 

Definition 3.3. Let X^(B) be the space of all continuous functions f : [0, T] x M —» B such 
that 

WfWzP(B) '■= SU P ll/(M)ll+ SU P Afpf(t,x)<o o, 

T te[0,T],a;eR te[0,T] ,xeR 

where we recall that Afp is defined by (3.1). 

We equip X^(B) with the norm || ■ dehned above. Then X^(B) is a normed vector 

space. In fact, the following proposition states that X^{B) is complete. 

Proposition 3.4. X^(B) is a Banach space. 

Proof. Let {f n } be a Cauchy sequence in X^(B). Since the space C&([0, T ] xR; B ) of bounded 
continuous functions from [0, T] x R to B is complete, there exists a bounded continuous 
function / : [0, T] x R. —» B such that 

lim sup \\f n (t,x) - f(t,x)\\ = 0. 
n ^°°te[o,T],3:eR 

For any £ > 0 there exists Hq > 0 such that 

sup Np{fn - fm)(t,X ) < £ 

for all m,n > Hq. It follows from Fatou’s lemma that 

Npifn - f){t,x) < lim inf N£(fn - fm)(t,x) < £ 

^ m—>oo 

for every t G [0,T], x G R and n > no. This implies that lim^oosup t<TxgR Njf (/„ — 
f)(t,x ) = 0 which means f n converges to / in Xj.{B). □ 

When B = L p (Ll) with p G [1, oo), we use the notation X^’ p = X^(L p (Ll)). A function / 
in X^ p can be considered as a stochastic process indexed by (t,x) in [0,T] xR such that 

sup ||/(t,a;)||LP(n) + sup ( f \\f(t,x + y) - f(t,x)\\ 2 LPm \y\- 2l5 ~ 1 dy] < oo . 

te[o,T],xeR te[o,T],xeR \Jr / 

Next, for 0 > 0, £ > 0 and f3 G (0,1), we consider the following norm on X^ p 

||u|| x /3, P := sup e~ et \\u{tpx)\\LP{p.) + s sup e~ et J\fp tP u(t,x ), (3.6) 

- r,9,e tg[o,T],xeR te[o,T],xeR 

where we recall that Mp- P is dehned by (3.2). 

Remark 3.5. (i) In the case £ = 1, we simply write II • \\ r p, v . 

x r,e 

(ii) The second term in the norm in (3.6) is not invariant by scaling while the first term is. 
Indeed, denote f\(t,x ) = f(t, Xx), then 

sup ( [ \\f x (t,x + h) ~ h(t,x)\\l P( n ) \h\- 1 - 2f> dh\ 
xgR \J r J 
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= sup f f \\f(t,x + h) - f(t,x)\\l P{n) \h\ 1 w dh 
zgm \.Jr 

This is the very reason why various orders of (t — s ) appear in the proof of Proposition 3.6 
below. We bypass this technical difficulty by the introduction of an additional scaling factor 
e in (3.6). 

(iii) Another way to see the role of £ is via dimensional analysis. Suppose that the amplitude 
of / has unit L, the spatial variable x has unit S, while the randomness uj is dimensionless. 
Then the first term in (3.6) has unit L while the second term has unit L/S^. Hence, in order 
for the two terms to have the same dimension, we multiply the second term with a constant 
e having unit of S A 

(iv) Because T is finite, the norm II • |L^, P defined as above is equivalent to the norm II • |L^, P . 

V ' Xrp a Xrp 



The next proposition gives a convenient bound on the stochastic convolution in term of 
the spaces X^ p . 

Proposition 3.6. Consider a predictable random field f e A h and define process {$(£, x), t > 
0, x G M} by 

Pt- s (x-y)f(s,y)W(ds,dy). (3.7) 



<f>(t,x) = 

Then, for any fi < H and p > 2, the following inequality holds: 

< C 0 y/p\\f\\l_ B „ 

T ’ e ’ e X T,0,e 

( H_ _ l _/3 / 3 _ 1 _ _1 _ 1„_1 \ 

X K 2 2 0 2+ K 4 26)2 4+ £ 1 K 46)4+ eK 2 2 2 $ 2 2 \ (3.8) 

where Cq is a constant depending only on H and (3. 


Remark 3.7. According to relation (3.8), the stochastic convolution induces some stability 
properties in the spaces Xg' p whenever \ — H < (3 < H. This imposes the restriction H > - { 
already at this stage. 


Proof of Proposition 3.6. According to our definition (3.6), we have ||$||^, P = Ai + eA 2 , 

with 


Ai= sup e 0t ||<h(f,x)|| LP (n), and A 2 = sup e e Wp !P $(t,x). 
lG[ 0 ,T],xeR te[0,T],a;eR 

We now estimate those terms separately. Along the proof C will denote a generic constant 
depending only on H and /3. 

Step 1: Upper bound for A\. The term <f>(t, x) is of the form 

rt r 


9 t,x{s,y)W(ds,dy), with g tiX (s,y) 


Pt-s(x - y)f(s,y). 


Applying inequality (3.3), we thus have 



II 9t, x (s,y + h) 


9t,x{s,y) || 


2 

LP(Q) 


\h\ 2H 2 dhdyds 


1 

2 


ll^(^) ^)IIlp(O) < Cy/p 
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A simple decomposition of the increment g tx {s,y + h) — g t)X (s,y ) then yields 


ll$(M)llLp(n) < C VP 


Ji(s)ds) + I / 1 / 2 ( 5 ) ds 


where 


and 



■Ms) = / / \pt-a(x-y-z) -pt-s(x-y)\ 2 \\f(s,y + z)\\ 2 LP{n) \z\ 2H 2 dydz 


Ms) = 



Pt_ s (x -y)\\f(s,y + z) - f(s,y)\\ 2 L p m \z\ 2H 2 dydz. 


To estimate J\ (s), we write 

Ji(s) < sup 11 /( 5 ,x)||ip (n) / [a/i_ H p t - S {y)? d y- 

zeR Jr 

Applying Lemma 3.1 with /3 = | — //, we obtain 


Ji(s) < C sup ||/(s,x)||£ P(n) [K(t - s)] 

xeR 


H-l 


Let us now turn to estimate Jo{s). Recalling our notation (3.2), we have 
M«) = / P?- a (s-3/)[A/i_ h iP /(s, 1/)] 2 ^ <sup[A/i ^ p /(s,t)] 2 / p 2 _ s {x~y)dy 


ITEM 


< [27TK(t-s)] 2 sup[A/i_H,p/(s, 2 :)] 2 . 


ccER 


(3.9) 


Hence, putting together our bounds on A and J 2 , we get 


e w sup || < h(t,x)|| L p ( o) <Cy/p sup e ds \\f{s,x)\\ LP ^) ( / e 20( * s) [ft(t - s)] H l ds 

ieER 0<s<T 

xEM 


+ Cy/pe sup e 6s s\vpNi_ H f(s,x) 

0 <s<T xeR 2 

irER 


1 7 \ 2 


jt e 20 ( f s )[ac(£ —s)] 2 ds 


£ 


and some elementary computations for the integrals above yield 

Ai= sup e~ et ||$(i,a:)|| £j ,(n) < Cy/p\\f\\ + s~ 1 k~^6 ~^). 

te[0,T],xGR X T,e,e 

Step 2: Upper bound for A 2 ■ According to the definition of A 2 , we have to bound A r p tP $(t, x ), 
where we recall that 

1 


Npj&{t,x)= ( / ||$(t,a; + /i) - ${t,x)\\ 2 LHn) \h\ 1 w dh] 




Furthermore, arguing as in Step 1 above, it is easily seen that 


\\${t,x + h) - < h(t,T)|| L p ( n) < CM> 




1/2 


J[(s,h)ds ) +( / ( J' 2 (s, h)) ds ) 






1/2 




(3.10) 


, (3.11) 
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where 
J[(s,h ) 


I Pt-six + h-y - z) -pt- s (x -y- z)-p t - s {x + h - y) + p t - a (x - y) | 2 

x \\f(s,y + z)\\lp(n)\z\ 2H ~ 2 dydz, 


and 

4( s ,^) = / / \Pt-s{x + h-y)-p t -s{x-y)\ 2 \\f{s,y + z) -f(s,y)\\ 2 LP{Q) \z\ 2H ~ 2 dydz. 
J M J M 

Plugging (3.11) into (3.10), we end up with 


Afp tP $(t,x) < Cy/p 



IJo 



J[{s,h)\h\- 1 ~ 2p dhds + / / J' 2 ( Sl h)\h\- 1 -^ dhds 


In addition, arguing again as in the proof of Lemma 3.1, we can show that 


/ J[(s,h)\h\ 1 2/3 dh < C[n(t - s)] H 13 1 sup \\f(s, x)\\ 2 Ll>m . 

J R 

On the other hand, applying Lemma 3.1 leads to 




J 2 (s,h)\h\ 1 2/3 dh < C[n(t — s)} 2 13 sup[J\fi_ Hp f(s,x)} 


:rER 


Combining these estimates for J[, J' 2 and resorting to (3.11), similarly as the estimate for 
e _ 0 t ||$(f,a;)|| LP (n), we obtain 


H_P_ 1 

i-a/ 2 2 2 # 2 2 + £ 

~^T,e,s 


-1 


r h~ H ’P 

x T,B,e 


I 

K 4 2 O ' 2 4 


vA 2 < 

Putting together Step 1 and Step 2, our claim (3.8) is now easily checked. 


□ 


We conclude this section by a simple remark which is labeled for further use. In the 
particular case (3 — | — 77, and using the simplified notation || 

estimate (3.8) can be written as 




T,6,e 


_i _I„_i t. 

f£2 2 0 2 + £ K 4 0 4 + 


1 

■ IIr? , the 

u *'T,0,e 7 

■T,0,e 

9*~ h ] . 

(3.12) 


3.2. Holder continuity estimates. A natural question arising from the definition (3.7) 
of the process $ is the derivation of Hblder type exponents in both time and space. Some 

estimates in this direction are provided in the next proposition. We set X^ = Xf. H,P , and 
the norm || • 11 x r ^ is given by (3.6) with £ = 1 and /3 — | — 77 . 

Proposition 3.8. Recall that the noise W is given by the covariance (2.1). Consider p > 2 
and a predictable random field f £ Xlf, where T is a fixed finite time horizon. Let 9 0 be 
any positive number. We define the random field as in (3.7). Then for every x, h £ M, 
t\,t 2 £ [0, T\ and every 7 £ [0,77] we have 

ll*([tl,<2],I+ k) - t([tl,t 2 ],l)|Up(!!) <Cy/pe‘° T \\f\\ X r Tt Jt2 ~ t,| V |ft|'' r . 


(3.13) 
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In the above, the constant C depends on T and does not depend on p, and we are using the 
notation 

$([t 1 ,t 2 },x) = $(t 2 ,x) - $(t i,x) . 

In particular, if we let t\ = 0, we get the Holder estimate of the space variable. For the 
Holder estimate of the time variable, we have 

ll$(f 2 ,a;) - $(£i,z)|| LP (q) < Cy/pe e ° T \\f\\ 3 », fio \t 2 - . (3.14) 

Proof. First we prove (3.13). Without loss of generality, we assume t\ < t 2 and denote 
At — t 2 — ti. We also set: 

Vi(f) = sup sup||/(t,a:)||Lj.(n), V 2 (f) = sup sup N H , P f(t, x), (3.15) 

te[0,T] xGM te[0,T] xGK 

and V(f) = Vi(f)+V 2 (f). Observe that according to (3.6), we have V(f) < exp(6 0 T)\\f\\ X p . 

T > 6 0 

As in the proof of Proposition 3.6, we first write <L([ti, t 2 ],x + h) — <F([fi, t 2 ], x) = A\ + A 2 , 
where 

ft i r 


Ai = 


\P[ti-s,ta-s](x + h — y) — p [tl _ sM _ s] (x - y)}f(s , y)W(ds, dy ), 


and 


pt2 


Ao — 


[Pt 2 -s(x + h-y) -p t2 -s(x - y)]f(s,y)W(ds,dy ). 


We now treat those two terms separately. To alleviate notation we will include the yjp into 
the constant C below. 

Step 1: Upper bound for A\ . The computations are carried out analogously to the proof of 
Proposition 3.6, and we have 

IIAlHI^h) < C f (An(s) + A 12 (s))ds, 

Jo 

where An and A\ 2 are analogous to J±, J 2 in the proof of Proposition 3.6, and are respectively 
defined by 


P[ tl - s ,t 2 -s](x + h- y) + p [tl _ Stt2 - s] (x - y)\' 2 \\f(s,y + z)\\ 2 LP{n) \z\ 2H 2 dydz , 



Mi (s) = / / \p [tl -s,t 2 -s](x + h - y - z) - p [tl - s ,t 2 -s](x - y - z) 


and 

-^12(5) = 



I P[ti-s,t 2 -s](x + h — y) — p[ tl -s, t 2 - s] (z - y) I s 


x II f(s,y + z) - f{s,y)\\ LPm \z\ ' dydz. 


Let us now bound An- Invoking Plancherel’s identity with respect to y and the explicit 
formula for Tpt, we have 


4(s) < cvfif) 



\P[ti-s,t 2 -s](h + y — z) — p [tl - Sjt2 - s] (y - z) 

~ P[ti-s,t 2 -s\(h + y)+ p [tl - sM -s](y)\ 2 \z\ 2H ~ 2 dydz 
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< cvi 2 (/) 



ig-^V^kl 2 _ e -^V £K l?l 2 | 2 |e - ^ 2 — i| 2 |e^ fe — 1 


2 I_12iY—2 


d^dz 


< CV?(f) I |e-V K l«l 2 _ e - i V K l€l 2 | 2 |e^-l| 2 |^| 


*1 — g .^1 e |2 , 


Moreover, owing to the inequality 

ft 1 


V*l€l a _ e -V*ICI a |2d a< 


-^ki 2 


e 2 


«lfl : 


(3.16) 


we obtain 


where 


A 11 (s)ds<CK- 1 V 1 2 (f) / |e-^l«l-l| 2 |e^-l| 2 |e|- 1 - 2 ^ 

Jr 

<Ck-V, 2 (/)/, 

/:= / |l- e -Yl5l , |2 sin 2 K ;,/2)|{|- 1 - 2 "^. 


(3.17) 

(3.18) 


Our next step is to bound / in two elementary and different ways. 
(%) The change of variable h£ £ yields 


I = \h\ 


2 H 


kA t | £|2 \ 2 

1-e ^ kl ) sin 2 (^/2)|^|- 1 - 2 ^, 


. . q r J 

and we then bound 1 — by 1 to obtain / < . 

fa) On the other hand, the change of variable ( nAt ) 1//2 £ := £ in (3.18) leads to 

' = < ^ H i i 1 - (») ■ 

and we bound the trigonometric function sin 2 by 1 to obtain / < C(hiAt) H . 

Interpolating the two estimates we have obtained for /, with a coefficient 5 — 2 L (= [o, 1 ], 
we see that 

I < C\h\ 2HS (KAt) H(1 ~ s] < CinAtf-^lh^ . (3.19) 

Plugging this identity back into (3.17), we have shown 

/*t± 

/ A u (s)ds < C'K- 1 (KAt) 2 ^|/i| 7 l/ 2 (/), 

Jo 

forall 7 G [0, 2H]. Let us now turn to the estimate for Ai 2 . Similarly to what has been done 
for An we get 


ct 1 


rti 


Ai 2 (s)ds < CV 2 (/) / / |p [tl - s , t2 - s] (/i + 2/) - P[t 1 -s,t a -s\(y)\ dyds 


< CV 2 2 (f ) 



tl 




e 2 


e-^^l 2 | 2 d S |e^»l| 2 ^. 


Thanks to (3.16), we thus end up with 

[ Ai 2 (s)ds < CK~ l V 2 {f) [ |1- e _ ^ |2 | 2 sin 2 (h£/2)|£|~ 2 d£. 
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In addition, the integral on the right hand side can be estimated as / above, and we get 

A 12 (s)ds < 

for all 7 ' G [0,1]. Since 1 > 2H, we may choose 7 ' = 7 to obtain 

Ai 2 (s)ds < |/r| 7 V r 2 2 (/), 

for all 7 G [0, 2H]. Hence, the bounds on An and A\ 2 yield 

for all 7 G [0, 2 H] . 

Step 2: Upper bound for *4. 2 . The term ||-A 2 1| can t» e estimated analogously to Ai. 
Indeed, the reader can check that, owing to inequality (3.3) and Plancherel’s identity, we 
have 

II^ 2 ||L ( q) < CV 2 (f) f f e- SK ^ 2 sm 2 (hf/2)(\t\ 1 ~ 2H + l)dfds, 

Jo Jr 

where we recall that V\ is defined by (3.15). Taking integration in ds first, we see that 

Million) < C K -‘Vf (/) /(l - e- A “ lsl ') sin^^dfl" 1 - 2 " + |{|- 2 )<ie. 

Jr 

These two integrals can be estimated as the term / in (3.19), and we get 

for all 7 G [0, 2 H] . Let us remark that the constants in all previous estimates depend only on 
T, p and k~ x . In addition, as functions of (p, k _ 1 ), these constants have at most polynomial 
growth. Hence, gathering the estimates for and H^llip^) the proof of our claim 

(3.13) is finished. 

Step 3: Proof of (3.If). Again, we assume that H < t 2 , and we proceed as in the previous 
steps and the proof of Proposition 3.6. Indeed, we begin by writing 




||$(£ 2 ,t) - $(ti,a;)|| L p(n) <B 1 + B 2 , 


where 


and 


pi 


B 1 = 


Bo = 


p [tl - S! t 2 - s }(x - y)f(s,y)W(ds,dy) 


LP(Q) 


H 2 


Pt2-s(x - y)f(s, y)W{ds, dy) 


Ul 


LP(Q) 


Once again we handle those two terms separately. 

For the term B 1 , we resort to inequality (3.3) in our usual way. We get 

Bi < C ( [ [ f p 2 [tl _ sM _ s] (x-y)\\f(s,y)-f(s,y + z)\\l P{Q) \z\ 2 H - 2 dzdyds\ 

\J 0 Jr Jr / 













18 


Y. HU, J. HUANG, K. LE, D. NUALART, S. TINDEL 


+c 



\P[ti-s,t 2 -s](x - y) - p [tl - S)t2 -s\{x -y- z) 


x\\f(s,y + z)\\l Pm \z\ 2H - 2 

With the definition (3.15) in mind, it is now readily checked that 

Bi<C(B 11 V 2 (f) + B 12 V 1 (f)) , 

with 


(3.20) 


B n = 


\P[ti-s,ta-3](x - y)\ 2 dyds 


and 


B IQ — 


ft i 



\P[ti-s,t 2 -s](x - y) - P[ tl -s,t 2 -s\{x - y - z)\ \z\ dzdyds 


We now appeal to Plancherel’s identity to get 

fti 


B U = C 


e - l 2^£ K | ? |2 _ e - tm £ K | ? |2 


d^ds = C(t 2 — ti) 4 , 


and 


B, 2 = C 


= c 



e 2 




\e~^ z - l\ 2 \z\ 2H - 2 dzd^ds 


e -^ki 2 _ e -^«id 2 


\t\ 1 ~ 2H dtds 


= C(t 2 ~t i)T. 

Reporting these estimates in (3.20) and observing that H < we end up with 

Bi < C (*2 - 1 ,)! [V,c/) + Vi(/)] < C(U_ - i0 f n/lli- ,y"“ T . 

The patient reader might check that the same kind of upper bound is valid for B 2l and 
gathering the estimates for Bi and B 2 yields inequality (3.14). □ 


4. Existence and uniqueness of the solution 

In this section we will establish a result regarding the uniqueness of the solution. Then 
we will describe the structure of some new spaces of stochastic processes. Those spaces will 
finally be used to show the existence of the solution. 

4.1. Uniqueness of the solution. In this subsection we give some results about the unique¬ 
ness of the solution assuming that the solution has enough regularity. To this end, we first 
introduce a norm || • \\ z p for a random field v(t,x) as follows 
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where p > 2 and 

Nl_H,v(t) = ||n(£, •) - v(t, ■ + h)\\ 2 LP ^ xR) \h\ 2H - 2 dh^j . (4.2) 

Then the space Zlf will consist all the random helds such that the above quantity is finite. 
Observe that according to the definition (3.1), we have A fi_ Hp v(t) = v{t). 

Remark 4.1. A similar quantity to Adehned in (4.2) appears in the characterization of 
Besov spaces in finite differences, see [2, Theorem 2.36]. 


The proof of the uniqueness theorem requires a localization argument, based on uniform 
estimates (in space and time) of stochastic convolutions. This is provided by the following 
lemma. 


Lemma 4.2. Suppose that p > • Let v be a process in the space Zf. As in (3.7), define 


<£>(£, x) = 



Pt- S {x - y)v(s, y)W(ds, dy) 


Then, there exists a constant C depending on T, p and H, such that 


sup A/i. 


te[0,T],®GR 




(4.3) 


(4.4) 


LP(f2) 


where recalling our definition (3.1), we have A/i/ 2 — H$(t,x) = Nf /2 _ H §(t,x) 


Remark 4.3. Let us stress the following facts: 

(i) In relation (4.4), the operator JVi_ H (dehned in (3.2)) acts on the trajectories of the 
random held <!>(£, x). As a consequence, J\fi _ H Q(t, x) is a random variable. 

(ii) With respect to Proposition 3.6, inequality (4.4) involves a sup in the variable x € M 
before taking L p (Tl) norms. We thus get a stronger result with different kind of assumptions 

(namely v G Z^ instead of v G H ' P ). 


Proof of Lemma f.2. We shall apply the factorization method to handle the stochastic con¬ 
volution (see, for instance, [12]). Namely, an application of a stochastic version of Fubini’s 
theorem enables to write 

$(£,x) = k i u ( /lft ) f f (t — r ) a ~ l p t _ r (x — z)Y(r,z)dzdr , 

77 Jo Jr 


with 


Y(r, z) 


(r-s) a p r _ s (z-y)v(s,y)W(ds,dy), 


Jo Jr 

and where a G (0,1) is a parameter whose value will be chosen later. The proof will be done 
in two steps. 

Step 1: Uniform estimate of J\fi_ H <$>(t,x). In order to estimate we bound the 

difference $(£, x) — 4>(£, x + h) as follows 


|<E>(t, x) — $(£, x T h)\ 
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< 


sin^cra - ) 

71 

sin(a7r) 



(t — r) a ( pt- r (x — z) — Pt—r («c + h — z)) Y (r , z)dzdr 


ct 


i o 


7T 

where q satisfies p _1 + q = 1. So using Minkowski’s integral inequality, we get 

[ |<f>(t, x) — <h(t ,x + h)\ 2 \h\ 2H ~ 2 dh 

Jr 

f 

/o 


(t-r) a I \p t -r(-) - Pt-r(- + h)\\ Lq(m II Y(r, 


Ilp(R) 


dr , 


< C 


(t - r) a \\pt-r{'X - •) - Pt-r{x + h 


\Li(R) 


ll y ( r u)|| jL P(R ) ^ ) \h\ 


1 2H—2 


< C (f\t - r) a ~ l ||F(r, [A-,(r)] 1/2 dr) , 


dh 


(4.5) 


where we have set 


K t {r) ■= / || pt- r (x - z) - pt- r (x + h- z) 


\Li(R,dz) 


\h\ 


2H-2 


dh. 


Now the kernel K t can be bounded by elementary methods: with the change of variable 
z —y y/t — rz and h —> y/t — rh , we obtain 


K t {r) = / II Pt-r(x - z) - Pt-r(x + h — z) 


= C (t - r) - 5+Y 


I LQ (R,cfe) 


(z+h) 2 




2 dh 


e 2 « — e 2 « 


dz) \h\ 2H ~ 2 dh = C(t-r )“t 




where we have used the fact that q 1 = 1 — p x , and the constant C in the above equation 
and below in this proof may depend on k. Going back to (4.5), the following holds true: 


l*(t,s) - *(<,* + h)\ 2 \h\ 2H ~ 2 dh <C I / (f - i~i> ||F(r, Ol^nn dr 




LP(R) 1 


< c 


(t-r) q[a - 1+1 Y H ~h-i)] dr 


\\ Y ( r r)\\ P L p(R) dr 


We can now start to tune our parameters. It is easily checked that the first integral in the 
right hand side above is finite (uniformly in 0 <t <T) if and only if 


With this choice of a, we get 


3 1 H 

(X - 1 — — — 

2p 4 2 


(4.6) 


/ m,x)-<Ht,x + h)\ 2 \h\ 2H - 2 dh<Cl / \\Y(r,-)r Lm dr 
Jr \J o 

and since this bound is uniform in x, this yields 

„ 2 
P 


sup [J\fi _ H $(t, x)] 2 < C ( / ||y(r, -)\\ P lp(r) dr 


te[0,T],xeR 


(4.7) 
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Then, to prove (4.4) it suffices to show that 

E f \Y(r, z)\ p dz < C\\v\\ P Z p. (4.8) 

Jr t 

Step 2: Proof of (4.8). Set g r , z (s,y) = (r - s)~ a p r _ s (z - y)v(s,y), so that 


Y(r, z ) = Qr,z(s, y) W(ds , dy ). 



Then applying the Burkholder type inequality (3.3), plus an elementary decomposition of 
the increments of g rz , we obtain 


where 

D\(r) = 

and 

D 2 (r) = 



E / \Y(r,z)\ p dz<C [D 1 {r) + D 2 {r)], 


(r - s) 2a \p r -s{y) - Vr-s{y + h)\ 2 


0 J R 2 


x \\v(s,y + z + h)\\ 2 LP{n) \h\ 


■2H-2 


dz 


( f [ {r-s) 2a \Pr-s{y) r 
v >0 Jr 2 


x II v(s,y + z + h) -v(s,y + z) ||J P(Q) |h| 2 ^ 2 


dz. 


Let us now bound the term D\. Invoking Minkowski’s integral inequality, it is easily seen 
that 


D\{r) < y^(r-s) 2a \Pr-s{y)-Prs(y + h)\ 2 \\v(s,-)\\ 2 LP{nxR] \ h \ 2H 2 

Integrating this identity in h and y, we end up with 

Di(r) < C (J q ( r ~ s) -2a+if_1 ||'y(s, OIIIp^xk) d s 
Similarly we get the following estimate for D 2 (r) 

D 2(r) < c(J^ Jj,r~s)- 2a -^\\v(s,- + h)-v(s,-)\\ 2 LP{nxR) \h\ 2H ~ 2 dhds) 


= C\ I (r-s) a 2 Afi_ Htp v(s) 


ds 


Combining the estimates for Di(r) and D 2 {r ) we obtain 


E / \Y(r,z)\ p dz <C[ (r-s) 


\—2a+H—l | 


vM || 


VllLP(f2xI 


+ (r - s)~ 2a - 2 Aft_ H v{s) ds ) . (4.9) 
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Let us go back now to the values of our parameters a,p. One can check that the two 
singularities in the integrals on the right hand side above are non divergent whenever a < y. 
Combining this condition with the restriction (4.6), we end up with the relation 


3 1 H H 

^ + I-y <a< y 

Those two conditions can be jointly met if and only if H > | and p > 
the proof of the lemma. 


(4.10) 

This completes 
□ 


Remark 4.4. Notice that the previous lemma implies that for any process v G Zip, the random 
variable sup tg [ 0 T ] sup xeR Afi_ H &(t,x) is finite almost surely, if 4> is given by (4.3). 


We can now turn to the uniqueness result for equation (1.1). 

Theorem 4.5. Assume the following conditions hold true: 

(1) For p > J* , the initial condition Uq is in L P (M.) and 

( |W-)-«o(- + A)llL(«)l'f" _2 ^<oo- (4.H) 

J R 

(2) a is differentiable, its derivative is Lipschitz and cr(0) = 0. 

(3) u and v are two solutions of (1.1) and u,v G Zif. 

Then for every t G [0, T] and iGt, u(t, x) = v(t, x ), a.s. 

Remark 4.6. This is the hrst occurrence of the hypothesis <r(0) = 0, and one might wonder 
about the necessity of this assumption. To this respect, let us mention that if we define $ 
as in (3.7) for / = 1, then 4> does not belong to Zif. 


Proof. Assume that u solves (1.1) and u G Zff. From the mild formulation of the solution 
we have 



u(t,x) = p,u 0 (x) + - y)a(u(s,y))w(ds,dy ). 


(4.12) 


We claim that 


sup swpJ\fi_ H u(t, x) < oo, a.s. (4-13) 

te[o,T] seK 2 

This follows from the decomposition (4.12). Indeed, on one hand, (4.11) implies that, if 
g{t,x) = p t Uo(x), then 

sup supJ\fi_ H g(t,x) < oo. 

te[0,T] meR 2 

On the other hand, from the properties of a, it follows that if u G Zf, then cr(w) also belongs 
to Zf (notice that to estimate the hrst term of (4.1) for cr(u), we need to assume er(0) = 0). 
Hence, Remark 4.4 entails 


sup swpJ\fi_ H a(u)(t, x) < oo, a.s. 
te[o,T] xgR 2 

If v is another solution of equation (1.1) belonging also to Zf, then (4.13) also holds for v. 
In this way, we can define the stopping times 
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or sup 

0<s<t,xGR, 


\v(s, x ) — v(s, x + h)\ 2 \h\ 2H 2 dh > k \ , 


and Tfc j" T, almost surely, as k tends to infinity. Our strategy will be to control the two 
following quantities 

h(t,x) = E [l {t<Tk} \u(t,x) - v(t, rr)| 2 ] 


and 


h(t,x ) = E 


1 {t<T k } | u(t,x) - v(t,x) - u(t,x + h) + v(t,x + h )| \h\ 


2 \ u\2H-2 


dh 


We also set Ij(t) = swp xeR Ij(t,x) for j = 1,2. 

In order to bound I\ . let us first use elementary properties of Ito’s integral, which yield 

rt/\T k n 

1 {t<T k }(u(t,x)-v(t,x)) = l {t<Tk } / / Pt-s{x-y)[a(u(s,y))-a(v(s,y))]W(ds,dy) 

Jo Jr 

= 1 {t<T k } / / Pt-s(x - y)l {s<Tk }\a(u(s,y)) - a(v(s,y))\W(ds,dy). 

Jo Jr 

We thus get h(t,x ) < C(In(t,x) + Ii 2 (t,x)), where 

In{t,x) = E / \p t -s(x - y) - p t - 8 (x - y - h)\ 2 
Jo Jr 2 


x l{ s <T fc } I cr(u(s,y + h)) - ar(v(s,y + h))\ 2 \h\ 2H 2 dhdyds , 


and 


I 12 (t,x) = E / p 2 _ s (x-y)l {s<Tk} \a(u(s,y))-a(v(s,y)) 
Jo Jr 2 


a(u(s, y + h)) + a(u(s, y + h)) 2 \h\ 2H 2 dhdyds . 


Next we bound the term In(t,x) as follows 


hi(t,x) < C E f [ | p, 
Jo Jr 2 


h-s{x - y) - Pt- S (x ■- y-h )p 


x l{ s< T k }\u(s,y + h)v(s,y + h)\ 2 \h\ 2 2 dhdyds<C / (t — s) H L Zi(s)ds, 

Jo 

where we recall that Z\ (t) = swp xeR Ii(t,x), and the constant C in the above inequality and 
below in this proof may depend on k. Let us now invoke the following elementary bound on 
the rectangular increments of a, valid whenever o' is Lipschitz 

|cr(a) — a(b) — cr(c) + cr(d)| < C\a — b — c + d\ + C\a — 6 |(|a — c| + \b — d ]), 

With this additional ingredient, and along the same lines as for In(t,x), we get 

1 12 (t,x) < Ck f (t - s )“2 [Zi(s) +Z 2 (s)] ds . 

Jo 

Finally, gathering our estimates on In and In we end up with 


Zi(t) < Ck / (t- s )"" 1 [Zi(s) + Z 2 (s)] ds . 
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The term I 2 (t,x) above is dealt with exactly the same way, and we leave to the reader the 
task of showing that 

X 2 (t) < Ck [ (t - s) 2H ~ I [Zi(s) + X 2 (s)\ ds . 

Jo 

As a consequence, 

X l (t)+X 2 {t) <Ck [ (t - s) 2H ~* [X 1 {s)+X 2 (s)} ds , 

Jo 

which implies X\ (t) + X 2 (t) = 0 for all t £ [0,T]. In particular, 

E [ 1 {t<T k }\u(t,x)-v(t,x)\ 2 ] =0, 

which implies u(t, x) = v(t, x) a.s. on {t < T k } for all k > 1 and t £ [0, T]. Therefore, taking 
into account that T k d oo a.s. as k tends to infinity, we conclude that u(t,x ) = v(t,x) a.s. 
for all (t,x) £ [0,T] x R. This proves the uniqueness. □ 

4.2. Space-time function spaces. We introduce here the function spaces which form the 
underlying spaces of our treatment for the existence of the solution. Since these spaces do 
not belong to standard classes of function spaces, we describe them in detail. 

We denote by C uc ([0, T} x R) the space of all real-valued continuous functions on [0, T] x R 
equipped with the topology of convergence uniformly over compact sets. Let (B, || ■ ||) be a 
Banach space equipped with the norm || ■ ||. Let /3 £ (0,1) be a fixed number. For every 
8 £ (0, oo] and every function / : R —» B, we introduce the function f : R —» [0, oo] 

defined by 

1 

= ( [ ||/(z + h) - f(x)\\ 2 \h\~ x ~ 2fi dh\ . (4.14) 

\J\h\<5 J 

Notice that for 8 = oo, the quantity (4.14) coincides with the function A/)f' to °V = Mf f 
introduced in (3.1). As our usual practice, when B — R we omit the dependence of R in 
A/^’ (<5) and simply write 

As we will see later along the development of the paper, plays a role analogous 

to the modulus of continuity of / near x. It follows from the triangular inequality, that J\f 
satisfies 

\Np ,{5) f(x) - J\fp’ {5) g(x) | < W®’ {6) (/ - g)(x) (4.15) 

for all 8 £ (0, oo], functions f,g and x in R. Thus, J\f is a seminorm. 

Suppose, for instance, that a function / has modulus of continuity \h\^u(h) at x, for 
any \h\ < 8. Then [hfp’^fix)] 2 is majorized by 2 u) 2 (h)h~ 1 dh. Thus, for f(x) to 

be finite, it is sufficient that tu 2 (h)/r _1 is integrable near 0. On the other hand, if A fp’^f 
is bounded over a domain, the following proposition asserts that / is necessarily Holder 
continuous. 
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Proposition 4.7. Let I be a non-empty open interval of R and 6 G (0, oo]. Let f be a 
function on R such that sup xe j J\f R f{x) is finite. Then 

sup H/C + i/) - /Mil < c(P)sup_Mp' m f(x) (4.16) 

|?/| < -^ Adist 1^1 x£l 

for some finite constant c(/3 ) which depends only on /3. 

Proof. For every x G / and positive R, R < 5, we denote f x ^R = f R R f(y + x)dy. We first 
estimate || f{x) — f Xt ji\\ as follows 


II f(x) ~ f x ,R || < 


1 f R 


2 R 


—R 


II f(x) - f(x + y)\\dy 


2 R 


cR 


— wr ( / ll/O) - f{x + y)\\ 2 \y\ 1 w dy 


< —R 


-A 


\y\ l+w dy 


i-R 


< 


RP 


- 1 sup A fg’^f(x) . 

2 ^( 1 +^) J 0 y J 


(4.17) 


Let us now fix x G / and ?/Gl such that \y\ < d/3 A dist((r, 5/). We also choose R = \y\. 
ft follows from triangle inequality that 


II f(x + y)~ f(x) || < || f{x + y) - /*+y,fl|| + ||/x+y,I? - + II fix) - /*,*! 

For the second term, we apply Minkowski’s inequality to get 

1 


(4.18) 


-A r R 


H/i+j/,!? /a:,I?.|| ^ 


AR 2 


|| f(x + y + z) — f(x + w)|| dzdw , 


< -RJ-R 


and invoking Cauchy-Schwarz’ inequality this yields 


r-R 


||/a:+2/,R /^rII 


AR 2 


-R 


||/(t + y + z) — f(x + in)|| 2 |l/ + £ — w\ 2/3 


-R \J-R 


X 


j \y + z — w\ 2/3+1 dz\ dw . 


Notice that because of the restrictions on the variables, the domain of integration above 
satisfies \y + z — w\ < 3 R < 5 and x + w G I. Hence 

ll/x+»,R - R.hII < CfUsastM^MR?. 

yei 

We can now conclude our proof as follows: the first and third terms on the right hand side 
of (4.18) are estimated in (4.17). Combining these estimates within (4.18) yields (4.16). □ 

Remark 4.8. In the same way as for the quantities A fpf, the function A fp’^f can be defined 
for functions defined on R + x R. In this case, we have Afp’^f : R + xRg [0, 00 ]. 

Whenever a is an affine function (i.e. cr(u) = au + b for some constants a, b), the spaces 
X^’ p are sufficient to show existence and uniqueness for equation (1.1). On the other hand, 
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the case of general Lipschitz function cr leads to the consideration of additional spaces, which 
we are going to study now. 

For every h E R, let 77 t be the translation map in the spatial variable, that is Thf(t,x ) = 
f(t,x — h). 

Definition 4.9. Let be the space of all real-valued, continuous functions f on [0, T] x R 
such that 

(i) ( t, x ) i-> A/g 1 "* f(t,x) is finite and continuous on [0, T] x R. 

(ii) lim H oSup te[0iT])a . e[ _ RR] A/'j 1) (r ft / - f)(t,x) = 0 for every positive R. 


We equip X^ with the following topology. A sequence {f n } hr X^ converges to / in Xj, if 
for all R > 0, the sequences {/„} and {A fp(f n — /)} converge uniformly on [0, T] x [-R, R] 
to / and 0 respectively. We define a metric on Xj, as follows 


n =1 


\\f-g\\n,P 

1 + 11 / ~ g\\n,P ’ 


(4.19) 


where || • \\ n ^ is the seminorm 

ll/lk/3 := sup \f(t,x)\+ sup J\f^f(t,x). 

t S [0,T], x£ [—n,n] t S [0,T], xg [—n,n] 

Since functions in X^ are locally bounded, the topology of Xj, is not altered if in the 
previous definition f is replaced by Afjf ' 1 f for some finite and positive 5. We emphasize 
that replacing S by oo would create a strictly smaller space. 


Remark 4.10. The space which satisfies only condition (i) in Definition 4.9 would be too big 
and fail to be separable. Analogous situations occur frequently in analysis. In the study of 
Morrey spaces, this fact was first observed by Zorko in [27]. Continuity spatial translations 
with respect to a norm is therefore sometimes called Zorko condition. 

Proposition 4.11. Xj, is a complete metric space. 


Proof. Let {f n } be a Cauchy sequence in Xj,. Since the space C uc ([0,T] x R) is complete, 
there exists continuous function / : [0,T] xRaR such that for all compact intervals /, 

lim sup | f n (t, x) - f(t, x)\ = 0 . 
n ^°° te[o,T],xei 

Let us fix a compact interval / = [■ —N , N ], and e > 0. There exists n 0 > 0 such that 

sup Wj 1) (fn - fm) (■ t , x) < £ 

t£[0,T],x€l 

for all m, n > Hq. It follows from Fatou’s lemma that 

A/1 1} (/n - f)(t,x) < lim inf A Jf\f n - f m )(t,x ) < e, 

H m-^ oo H 

for every t G [0, T], x G / and n > uq. This implies that A f^\f n ~ f) converges to 0 
uniformly on [0, T] x /. In addition, from (4.15), it follows that J\f^ f n converges to A f^f 
uniformly on [0, T] x /, thus the continuity of N*jp f n implies that of f. 
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It remains to check that / satisfies the condition (ii) of Definition 4.9. For every e > 0 
and \h\ < 1, choose n sufficiently large so that sup ie [ 0)T j_ xe ^ N _ T; iv+]] A^' (In — f)(t,x) < e. 
Applying Minkowski’s inequality, for every (t,x) G [0, T] x [— N, AT], we have 

.A/^ ( T h f - f ) (t, X ) < Af^ ( T h f - T h f n ) (t, X ) + A( T h f n ~ f n ) (t, x) + Af^ (f n ~ f ) (t, x) 

<2e + Aff\r h f n - f n )(t, x). 

Since f n belongs to X%, lim h ^ 0 sup te[0)21ia . e[ _ JV) j V] Af^\r h f n - f n )(t,x ) = 0 which implies / 
belongs to Xj,. □ 

The next results give some characterizations of the space Xj. 

Lemma 4.12. Let f : [0, T] x M —» R. be a continuous function such that 1 H» Afjp f(t, x) is 
continuous for every fixed x. Suppose in addition that for every R > 0, 

lim sup [ \f(t,x + y) - f(t,x)\ 2 \y\- 2p ~ l dy = 0 . 

'U 0 te[0,T],xe[-R,R] J—6 

Then Afjp f is continuous and f belongs to Xj. 

Proof. Fix R,e > 0, and choose <5 such that 

sup [ \f(t,x + y) - f{t,x)\ 2 \y\- w ~ l dy < e. 

te[o,T],®e[-7i-i,fl+i] J—S 

Then for every t G [0, T], x <G [-R, A] and \h\ <1 

[Nf\ r hf ~ f)(t,x)] 2 <2e + sup 2\r h f(t,x) - f(t,x)\ 2 [ M _2/3_1 Gh/ . 

te[0,T],xG[-R-l,i?+l] d\y\>S 

Since / is continuous, lim^o sup 4e [ 0 T ] )a . e [_ R _ liR+1 ] \rhf(t,x) — f(t,x)\ = 0. Together with the 
previous estimate, this yields lim^o sup t6 [ 0jT ] jXG [_ fljfl ] Af^\rhf — f)(t,x) = 0 which on one 
hand, together with (4.15) implies the continuity of A fpf- On the other hand, it obviously 
implies / G Xj,. □ 

Proposition 4.13. Let f> G C°°(M) be supported in [—1,1], such that f R f)(x)dx = 1 and 
0 < < 1. Set 4>n(x) = n<f>(nx). Then 

(1) If f G Xj,, then f * (f) n f in Xj as n —> oo, where * denotes the convolution with 
respect to the space variable. 

(2) C 0,1 ([0,T] x M) i.e., the space of functions which are continuous in time and contin¬ 
uously differentiable in space, is dense in Xj. 

(3) Suppose that f is a continuous function on [0, T] x R. such that t H y Afjp f(t,x) is 
finite and continuous in time for every fixed x G R. Then f belongs to Xj if and 
only if for every R > 0 

lim sup [ \f(t,x + y) - /(t,x)| 2 |r/|” 2/3 " 1 di/ = 0. (4.20) 

te[0,T],ze[-,R,-R] J-S 
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Proof. We denote f n — f * (f) n - To show (1), we observe that 
fn(t, x + y) — f n (t , x ) - f(t, x + y) + f(t, x) 

= [ [Thf{t, x + y) - r h f(t, x) - fit, x + y) + f(t , x)]<j> n (h)dh 

Jr 

and hence, for every x G [— R, i?], applying Jensen’s inequality, we get 


\f n (t,x + y) - f n (t,x) - f(t,x + y) + f(t,x)\ 2 \y\ 


-2/3-1 


dy 


t-i 


< 

< 



\T h f(t,x + y) -r h f{t,x) -f(t,x + y) + f(t,x)\ 2 \y\ 2/3 1 (j) n {h)dhdy 
sup [Nf\T h f - /)(r, z)} 2 . 


Slip D up \JX p 

re[ 0 ,T], 2 e[—A—1,-R+i] |/i|<A 


By assumption / belongs to X!f. Therefore, owing to condition (ii) in Dehnition 4.9, this 
integral converges to 0 when n —» oo. This proves item (1). 

To show (2), we first prove that contains C 0,1 ([0,T] x M). Indeed, if g is a function 
in C 0,1 ([0,T] x R), by dominated convergence theorem, it is easy to show that git, x) is 
finite and continuous in time for every fixed x. Moreover, for every R > 0, we have 

sup [ \g(t,x + y) - g{t,x)\ 2 \y\- 2p ~ l dy < sup H^^IU / \y\ x ~ w dy. (4.21) 
te[0,T],x£[-R,R] J-6 xe[-R,R] J\y\<8 

Since lim^ 0 J\ y \<s \u\ 1 ~~ 2 ^dy = 0, Lemma 4.12 implies that g belongs to X^. We have thus 
proved that C* 0,1 C X^. Together with item (1), this yields item (2). 

The sufficiency of (3) is in fact the content of Lemma 4.12. We focus on the necessity 
of (4.20). Assume that / belongs to Xj.. Fix R > 0, e > 0 and choose g in C 0,1 so that 

sup Mf\f - 9 )(t,x) <£. 

te[o,T],xe[-R,R] 

Then for every 6 > 0 we have 

\f(t,x + y)~ f(t,x)\ 2 \y\- 2p ~ 1 dy 


sup 

te[0,T], \x\<Rj-5 


\g(t,x + y) — g(t,x)\ 2 \y\ 2/3 x dy . (4.22) 


< 2e + 2 sup 

te[0,T],\x\<RJ-S 

Since g is C 10,1 , the last term converges to 0 when <5 f 0 (see relation (4.21)). Due to the fact 
that £ can be chosen arbitrarily small, this implies that / satisfies the condition (4.20). □ 

Corollary 4.14. XIf is a Polish (complete and separable) space. 


Proof. Completeness comes from Proposition 4.11. For separability, we invoke Proposi¬ 
tion 4.13(2) and the fact that the functions in C' 0,1 ([0, T] x M) can be approximated by 
polynomials with rational coefficients, using a truncation argument. □ 

Proposition 4.15. The inclusion X!) c Xtf holds continuously for (3 > a. 
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Proof. Suppose / belongs to Xj,. Fix n > 1. By Proposition 4.7, we see that 


L 

for every \y\ < 1. Hence for every t <T, |x| < n and a < f3 we have: 


sup \f{t,x + y) - f{t,x)\ < C sup jvp 

i€[0,T], |x|<n te[0,T],|s|<ra+l 


I f(t,x + y) - f(t,x) | \y\ 


2 1 i —2a—1 


<1 


dy < C sup A/f/(f, 

tS[0,T, p|<n+l 


X) 


—2a—1 


which is a finite quantity. The continuity of (t,x) \f{t,x + y) — f[t,x)\ 2 \y\ 

follows at once from dominated convergence theorem. 

We state an analogous result for without proof. 

Proposition 4.16. The inclusion X^’ p C holds continuously for (3 > a and p > q. 


dy 

□ 


Next, we derive a compactness criterion for X^. We first recall some well-known definitions 
and facts. An e-cover of a metric space is a cover of the space consisting of sets of diameter 
at most s. A metric space is called totally bounded if it admits a finite e-cover for every 
e > 0. ft is well known that a metric space is compact if and only if it is complete and 
totally bounded. The following lemma is the key ingredient for many compactness results. 

Lemma 4.17. Let X be a metric space. Assume that, for every e > 0, there exists a § > 0, 
a metric space W, and a mapping $ : X —> W such that <&(X) is totally bounded, and for 
all x, y e X with d(Q(x), <£>(?/)) < 8, we have d(x, y) < £. Then X is totally bounded. 


The proof of this lemma is elementary, we refer readers to Lemma 1 in [17] for details. 
The following result provides sufficient conditions for relative compactness in Xf,. 

Proposition 4.18. A set 5 in X^ is relatively compact if 

[Al| sup |/(0, 0)| is finite, 
f 65 

[A2] For every fixed i£l, {f(-,x) : f G S'} is equicontinuous in time. 

TAol p n r r I f(t,X + y) - f(t,x)\ 2 

[Ad| Lor every n > 0, hmsup sup / - „ - dy = 0. 

5 3° f£$te[o,T]xe[-R,R]J-s \y\ +p 

Proof. Suppose that $ satisfies the three conditions. We first observe that condition [A3] 
together with (4.16) implies the following equicontinuity property. For every R > 0 and 
£ > 0 , there exists 77 > 0 such that 

sup I f{t,x) - f(t,y) I < £ 

ie[o,T] 

whenever / e $ and x,y G [—7?, A] satisfy \x — y\ < rj. Together with [A2], this implies 
equicontinuity for J hi (t,x) G [0,T] x [-R, R]. Indeed, take to be a sufficiently large 
integer, and set Xi = —R + jrR, j — 0,1,... , 2 N. According to [A2], {f(-,Xi) : f e 5} is 
eciuicontinuous in time, uniformly for j = 0,1,..., 2N. By writing 

I f(t,x) - f(s,x )| < | f(t,x) - f(t,Xi)\ + | f{t,Xi) - f(s,Xi )| + | f(s,x t ) - f(s,x )| , 
where x\ is chosen in such a way that \x — xf\ <rj, this shows the uniformity in x. 
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Fix now R > 0 and £ > 0. From [A3], we can choose a positive number ^ = <5i(e), such 
that hi < 1 and 


2 sup sup 

/es te[o,T],xe[-R,R] 



I f(t,x + y) - f(t,x )| 2 
\y \ 1+2/3 


dy < e 2 . 


We now choose 82 < £ satisfying 


2(3h 2 ) 2 



dy 

\y\ l+w 


By the equicontinuity, we can also choose a positive number 77 = //(e), rj < 1, such that 


\\f(t,x) - f(s,y)\\ < 82 , (4.23) 

whenever / G $ and (t, x), (.s , y) G [0, T] x [-R — 2, i? + 2] satisfy \t — s| + \x — y\ < rj. Since 
[0.71 x [-R — 2, R + 2] is compact, we can find a finite set of points {(f a , xf) : 1 < a, i < n} 
in [0, T\ x [-R — 2, R + 2] such that for every (t, x ) G [0, T] x [—A — 1, R + 1], there is some 
(t a , Xj ) so that 1 1 — t a | + |x — Xj| < 7 / and [xj — 1, Xj + 1] C [—A — 2, R + 2], 

Dehne <f> : $ —» M” 2 by 

^(/) = (f(t a ,Xi ) : 1 < a,i < n). 

Condition [Al] and equicontinuity imply that the image $($) is bounded and thus totally 
bounded in R" . Furthermore, consider /, g G $ with ||$(/) — $(y)||oo < h 2 . Resorting to the 
fact that for any (t, x) G [0, T] x [— R— 1, R+l] there are some a, j so that \t—t a \ + \x—Xj\ < 7 /, 
we can write 


I f{t,x) — g(t, x)\ < | f(t,x) - f(t a ,Xj) | + | f(t a ,Xj) — g(t a ,Xj) \ + | g{t a ,Xj) -g(t,x) \ < 3 S 2 , 

where we bounded the first and third term on the right hand side thanks to (4.23), and the 
second one according to the fact that ||$(/) — <F(y )|| 00 < h 2 . We end up with 


sup \f(t,x) - g(t,x)\ < 38 2 < 3e. 

t£[0,T],x£[-R-l,R+l] 


In addition, for every (t,x) G [0, T] x [— R, i?] we have 

[A fpif - g)(t,x )] 2 < 2 sup [ \h(t,x + y)—h(t,x)\ 

h&{f,g} J\y\<Si 


2 dy 


\ y \l + 2y 


+2 sup | f(r,z)-g(r,z)\* 

rGfOjT 1 ], 2 :E[— R —l,i?+l] 


f dy 
l\y\>Si \y\ l+2P 


< 2£ l 


Therefore, by the dehnition of the metric on (see (4.19)) and Lemma 4.17, the set $ is 
totally bounded in Xj~. □ 


A useful consequence of the previous proposition is the following corollary. 

Corollary 4.19. Suppose a > (3. Let 5 be a subset of X^ such that $ is equicontinuous in 

time for every fixed x, sup |/( 0 , 0 )| < 00 and sup sup ig [ 0T ] i \ x \<R^’a' 1 f(t, x) < 00 for every 

/e5 

positive R. Then $ is relatively compact in X 
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Proof. It suffices to check that $ satisfies condition | A3] . Applying (4.16), for 5 small enough, 
the assumption on $ implies 


sup sup \f{t,x + y) - f(t,x)\ < C\y\ a , 

f<ETte[0,T],\x\<R 


for all \y\ < 5. Hence, 


sup sup 
feXte[0,T],\x\<R 



\f(t,x + y) - f(t,x)\ 2 \y\ 2/3 1 dy<C [ \y\ 2{a ® x dy, 


which clearly implies [A3| since a > (3. 


□ 


The following result provides sufficient conditions for relative compactness in Its 

proof is completely analogous to that of Proposition 4.18 and is omitted for the sake of 
conciseness. 


Proposition 4.20. Suppose that a set 5 in X^(B) satisfies the following properties. 


(1) For every t G [0, T] and x G M, $(t,x) := { f(t,x ) : / G £} is relatively compact in 
the Banach space B. 

(2) For every fixed iGl, {f(-,x) : f E is equicontinuous in time. 

(3) For every R> 0, we have 


lim sup sup 

‘T 0 /£5 t£[0,T),x£[-R,R] 



II f(t,x + y) - f (t, x) || 2 

M 1+2/3 


dy 


0 . 


Then $ is relatively compact in XpB). 


In order to handle the nonlinearity in equation (1.1), the following composition rule is 
crucial. 

Proposition 4.21 (Left composition). Let cr be a Lipschitz function on M and let f be a 
function in Xj.. Suppose that for every fixed x, the map t t—)■ J\f^a(f)(t,x) is continuous. 
Then cr(f) belongs to XFurthermore, if f n is a sequence converging to f in Xj., then for 
every positive R and for any 6 > 0, we have 

lim sup M^\a(f n ) - a(f))(t, x) = 0 . 

n ~^°° £g[ 0,T], |a:|<i? 

Proof. We first show that cr(f) belongs to x!f. For any S > 0 we have 

[ W(f(t,x + y)) - cr(/(t,x))| 2 |y|^ -1 di/ < ||cr||^ i p[A/'j ,5) /(^, ^)] 2 
d\y\<S 

which together with the criterion (3) in Proposition 4.13 implies that cr(/) belongs to Xj,. 

For the second assertion, for every positive R and any e > 0, we can choose £ 0 > 0 and 
no > 0, so that, for any n > no, 

sup fifp°\cr(f n )-c(f))(t,x) <e. 

tS[0,T], |a:|<R 

Indeed, it is easily seen that 

N { p 0 \a(f n ) — cr(f))(t, x) < A f^ o) a{f n ){t,x) + Mf ) a(f)(t,x) 


(4.24) 
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< |k||Lip (Afp 0) f n {t,x)+J\f^ 0) f(t,x)^ 

< IMkip (Afp o) (fn - f)(t,X ) + 2 Afjf o) f(t,x)^) , 

and the last term is readily bounded by e if 5o is chosen small enough. Now with (4.24) in 
hand we obtain, for any S > 0, 

sup Afp\a(f n ) — cr(f))(t, x) 

te[o,T],\x\<R 

< C e + C \\a\\u v sup \fn(t,x) - f(t,x)\ ( f | y\~ W ~ l dy\ . 

te[o,T], |x|<R+i \J\y\>5 0 / 

We conclude the proof by taking the limit as n tends to inhnity. □ 


The next lemma gives a criterion for a process in Xf ,p to have its paths almost surely lie 
in the space X!/ for a certain value of ft 

Lemma 4.22. Let f be a stochastic process in Xf’ p with pa > 1. Assume that for any R > 0, 

|A (4.25) 


SUp SUp || f(t,x) - f(s,x) ||lp ( Q) < C R \t - s| A , 

s,te[0,T] \x\<R 


where A > p 1 . Then f has a version f such that with probability one, f belongs to X^ for 
every (3 < a — - . 


Proof. Since / belongs to Xf’ p , inequality (4.16) implies 
II f(t,x + y) - f(t,x) ||LP ( n) 


sup sup 

te[0,T] X,ye R 


\y\ c 


< C sup 

te[0,T],a;eK . 


\\f(t,x + y)-f(t,x)\\ LP{n) \y\ a dy. 


Then by Kolmogorov continuity criterion, / has a version / such that with probability one, 
/ satisfies 

sup | f(t,x + y) - f(s,x) | < C(\yf + \t - s| A ') 

s,4S[0,T], \x\<R 

for every R and \y\ < 1, where /T and A' are fixed and such that f3 < ft < a — 1/p and 
A < A' < A— 1/p. This implies that a.s. A f^f(t,x) is finite and satisfies condition (4.20). 
The continuity of A f follows from dominated convergence theorem. These facts imply 
that / belongs to almost surely. □ 


4.3. Probability measures on X//. To show the existence of solution to equation (1.1) we 
need some tightness arguments for some probability measures defined on X//. We have the 
following result towards this aim. 

Theorem 4.23. Let {P n , n > 1} be a sequence of probability measures on X//. This sequence 
is tight if the following three conditions hold: 

(1) For each positive rj, there exist a and no such that for all n > no 

Pn(/e*£: 1/(0, 0)1 >a) < V . 


(4.26) 
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(2) For every and every positive e and rj. there exist 6 satisfying 0 < 6 < 1, and 

no such that for all n > no 


/ G Ay : sup \f{t,x) - f{s,x)\ > £ ] < 77 . 

s,t<T,\t—s\<5 


(4.27) 


(3) For every R > 0, for each positive £ and rj, there exist 6 G (0,1) and no such that for 
all n > no 


f G : sup / \f(t,x + y) - f{t,x)\ 2 \y\ w 1 dy > £ ] < rj. 

te[0,T],\x\<RJ-6 


(4.28) 


Proof. Without loss of generality we assume no = 1. For a given rj > 0, we choose a so that 
P, ,(B C ) < rj for all n > 1, where 

B= {feX%: |/(0,0)| <a} . 

According to condition (3), for any integer k,N, we also choose and fix S k ^ such that 
P n (A kN ) < r)2~ k ~ N for all n > 1, where 

A k , N =\fEXZ: sup [ \f(t,x + y) - f{t,x)\ 2 \y\- 2p ~ l dy < 1 . 

[ te[ 0 ,T\,\x\<N J-S k:N K j 

Then for each x G [—IV, N] D ^pZ, where Z is the set of integers (note that the number of 
such x has order g^), we choose S kN (x) according to condition (2) such that P n (B^ N (x)) < 
5k : NV2~ k ~ N , where 


B k)N (x) = { f e \ sup \f(t,x)-f(s,x)\< — 

t,s,<T,\t—s\<S' kN ( x ) ™ 

Consider now B k n = D r , s k N B k n(x). It is easy to see that 
’ xe[-N,N] J 


N 


p»(SU < v Pn(Bi iN (x)) < C—2-*-" = Cn 2 

- bk,N 


-k-N 


N. 


xe[-N,N] r^f-TL 


We thus set A = n k: jv(A k! jv fl B^n) D B. Then according to Proposition 4.18 we see that the 
closure of A is compact in Xj,, and P n (A) > 1 — Cij. This shows the tightness of P n . □ 


The following proposition states that under some moment conditions, a sequence of pro¬ 
cesses u n can be regarded as a tight sequence of probability measures on the space Xj,. 

Proposition 4.24. Assume that a, A G (0,1) and p > 1 satisfy pa > 1, p\ > 1 and 
(3 < a — 1/p. Let {u n , n > 1} be a sequence of stochastic processes such that 

(1) lim lim sup P(|u n (0, 0)| > 8) — 0 , 

<5—>-oo n 

(2) For every R> 0, sup sup \\u n (t,x) - u n (s,x)\\ LP j n ) < C R \t - s| A , 

n s,t£[0,T],\x\<R 
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From Lemma f.22, the law of u n can be considered as a probability measure on Xj*. In 
addition, as probability measures on X^,, the sequence {u n , n > 1} is tight. 

Proof. This proposition can be easily proved using the same ideas as in the proof of Lem¬ 
ma 4.22 and Theorem 4.23, we omit the details. □ 


4.4. Existence of the solution. The main result of this subsection is the existence of 
a solution for equation (1.1). The methodology, inspired by the work of Gyongy [13] on 
semilinear stochastic partial differential equations, consists in proving tightness of a sequence 
of solutions obtained by regularizing the noise, and then using the uniqueness result. The 
space Zf, where we proved our uniqueness result, consists of L p (M)-valued processes, and it 
is not clear how to characterize compactness of probability laws on the space of trajectories 
of these processes. For this reason, we prove the existence of a solution with paths in the 

_1 _ JJ 

space Xf introduced in Definition 4.9, equipped with the metric (4.19). 


Theorem 4.25. Assume that for equation (1.1) the following conditions hold: 

(1) For some (3 q > \ — H and some p > max( 4f/ 6 _ 1 , /3o+ ^_ 1 / 2 )! the initial condition uq is 


in L P (U.) fi L°°(M) and 


sup J\fp 0 u 0 (x) 

xEM 


IMO - «o(- + h)\\ 2 LP{R) \h\ 2H - 2 dh 


< oo. 


(4.29) 


(2) a is differentiable and the derivative of a is Lipschitz and cr(0) = 0. 


Then there exists a solution u to (1.1) in Zf n Xf 

1 _ a 

paths in the space Xf 


\~H,p 


In addition, the solution has sample 


Proof. As mentioned above, we follow the methodology developed in [13] and we consider a 
regularization of the noise in space. Indeed, for e > 0 and ip 6 Sj, we define 


W e (<p) = 



[pe * <p](s,x)W(ds,dy) = 



(p(s, x)p £ (x — y)W(ds, dy)dx , 


where pt(x) = (2irt) *e x2 / 2t . Notice that relation (4.30) can be also read (either in 
or direct coordinates) as: 


(4.30) 

Fourier 


E \WMWeW)\ 


ci, H t I Xp>(s,C)^(s,0e-^ 2 \e~ 2H d^ds (4.31) 

Jo Jr 

ci,h / / / (p{s,x)f e {x-y)il>{s,y)dxdyds, 

J 0 «/ M J M 


where f e is given by f £ {x) = J-'~ 1 (e _£ l^ 2 |^| 1_2 ' f/ ). In other words, our noise is still a white 
noise in time but its space covariance is now given by f £ . Note that f £ is a real positive 
definite function, but is not necessarily positive. As assessed by (4.31), we however have 


E [|IUY)| 2 ] < E [|»»| 2 ] , 


(4.32) 


for all ip in ij. 
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For every fixed £ > 0, the noise W £ induces an approximation to equation (2.12), namely 


u e (t,x) = p t u 0 (x) + 



Pt-s(x - y)a{u e (s, y)) W £ (ds, dy ), 


(4.33) 


where the integral is understood in the Ito sense. Since is in L 1 (M), \f £ \ is 

bounded. Thus, using Picard iteration, it is easy to see that (4.33) has a unique random 
held solution, and by estimating the pth moment of | u e (t,x) — u £ (t,x ')|, we see that each 
solution u £ (t,x ) is Holder continuous in space with order fd for all fd G (0,1). Therefore 
we conclude that u £ is in X^’ p for all Id G (0,1). We remark that may not be 

bounded uniformly in £ as seen from this procedure. However, using (4.32), (3.12) for 
suitable parameters yielding a contraction, plus the norm equivalence stated in Remark 3.5 
item (iv), we obtain the following uniform bound: 


sup 

£>0 


U e 


,p oo 


1 


for all [d < (do and fd < H. In particular, because ^ — H < (do — -, we can choose fd such that 
i — H < (d — i. In addition, we can show that u £ satishes Condition (2) in Proposition 4.24. 
With these properties, we can check that the three conditions in Proposition 4.24 are satisfied. 

_1 _ jj 

Hence the laws of the processes w £ , considered as probability measures on the space , 

are tight and hence weakly relatively compact. 

We now base our final considerations on the forthcoming Lemmas 4.26 - 4.29. Fix a 
sequence e n converging to zero and set u n = u £n . We shall hinge on Lemma 4.27 in order 
to prove that the sequence u n actually converges in probability. To apply this lemma, we 
consider now two sequences u m („) and up n ), where {m(n),n > 1} and {l(n),n > 1} are 
strictly increasing sequences of positive integers. For each n > 1, the triplet (u m ( n ), upn), W) 
defines probability measure on the space 

B ■= x\~ H x x\~ H x C uc ([0, T) x M). 

Since the family {u £ , £ > 0} is weakly relatively compact, there exists a subsequence of the 
form {(u m ( ni .), u i(n k ), ^0, k > 1} which converges in distribution as k tends to infinity. Thus, 
by Skorokhod embedding theorem, there is a probability space (O', dF', P') and a sequence 
of random elements Zk = W m i nk ), u 'u nk )-> W') with values on B such that Zk has the same 
distribution as (M m (n fc ), u p nk ), W) and Zk converges almost surely (in the topology of B) to 
(u',v',W). By Lemma 4.29 we see that both v! and v 1 are solutions to equation (2.12), 
with W replaced by W'. Then by Lemma 4.28 and the uniqueness result Theorem 4.5 we 

1 __ jj 

thus get that u' = v' in X£ . We can now apply Lemma 4.27 in order to assert that u n 

_1 _ JJ 

converges to some random held u in X£ , in probability. Moreover, taking a subsequence if 

1 __ jj 

necessary, we see that u n converges to u in X^ a.s. Hence, thanks to another application 
of Lemma 4.29 we see that u satishes equation (2.12). This proves the existence of the 
solution. □ 


We now state the lemmae on which the proof of Theorem 4.25 relies. The hrst lemma is a 
version of Gronwall’s lemma, borrowed from [9, Lemma 15], and the correction [10] to this 
paper. 
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Lemma 4.26. Let g G L 1 ([0, T]; M + ) and consider a sequence of functions {/ n ; n > 0} with 
f n : [0, T] —> M + , such that fo is bounded and for all n > 1 

fn{t) < Cl + c 2 f g(t - s ) fn-i{s ) ds, (4.34) 

Jo 

for two positive constants ci,c 2 . Then sup n>1 f n is bounded. If we assume moreover that 

Ci = 0 in inequality (4.34), we obtain that ]ff n > 0 fn V converges uniformly in [0,T], for all 
1 < p < oo. 


The second lemma is a general result on convergence of random variables borrowed from 
[14, 13], 

Lemma 4.27. Let E be a Polish space equipped with the Borel a-algebra. A sequence of 
E -valued random elements z n converges in probability if and only if for every pair of sub¬ 
sequences zpn), z m ( n ) there exists a subsequence Wk (z/( ni .), £m(n fc )) converging weakly to a 
random element w supported on the diagonal {( x,y ) G E x E : x = y}. 


The next result asserts that the approximate solution to the stochastic heat equation is 
uniformly bounded in the space Zf defined by (4.2). 


Lemma 4.28. The approximate solutions u £ satisfy the condition 


SUp ||Zi e ||_2P < oo . 
e>0 T 


(4.35) 




Furthermore, if u £ —>■ u in Xf a.s., as e tends to zero, then u is also in Zf. 


Proof. We will use Picard iteration to show that for each e, u £ G Zf. Then we will use 
Gronwall’s lemma to show that the processes u £ are uniformly (in e) bounded in Zf. To this 
end, we first define 

u° £ (t, x) = p t u 0 (x ), 

and recursively 


uf +1 (t,x ) = p t u 0 (x) + 



Pt- S (x - y)a(uf(s, y))W £ (ds, dy ). 


We wish to bound uniformly in n. First recall that 

IKII sSL= sup IK(V)||Lp(nxR)+ sup Ml_ H u n e {t), 
te[o,T] te[o,T] 2 

whereA/"f_„ is dehned in (4.2). Let us now bound the terms \\uf(t, OIUpfOxR) and N\_ H uf(t). 

<2 iP 2 

Step 1 . We shall bound \\uf(t, -)IUp(OxR) uniformly in n by considering the differences of 
Picard’s iterations. Indeed, by Burkholder’s inequality we have 

E | < +1 (t , x) — uf (t , x ) | p 


= E 


< C p E 




p t _ s (x - y)[a(uf(s,y)) - a(uf 1 (s,y))}W £ (ds 1 dy) 


Pt-sfx - y)pt- s (x - z)[a(uf(s,y)) - a(uf (s,y))] 
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x [<j{u n E (s,z)) - cr(u" 1 (s,z))\fe(y - z)dydzds . 

Thus, since ||/ e ||oo < C e and owing to the fact that a is a Lipschitz function, we have 
E|< +1 (f,x) -u?(t,x)\ p 


< C £ E 


Pt-s(y)\u™{s,x + y) -< (s,x + y)\dy) ds 


where C e denotes a generic constant depending on £ and p. We now integrate with respect 
to the space variable and invoke Minkowski’s inequality. In this way we obtain 




Lp (R) 


< c £ E 


< C £ E 


< c £ 


Pts(y)K(s,y + -)-u™ (s, y + -)\dy ) ds 


P 

L?{ 


Pt-s(y)\\u £ (s r )-u^ 0,-)|| L p (K) ch/ ) ds 


|<( S ,-)-< ( S c)|| LP(nxR) ^ 


This relation easily entails 

I \ u e + 1 (t, •) - u”{t, Oll^nxR) - Ce l OllLinxR) ds ’ 

and a direct application of Gronwall’s lemma as stated in Lemma 4.26 yields that the 
quantity sup n snp te j 0jT ] ||u”(i, ■)||Lp(n X ]R) is finite for each fixed e > 0. This implies that 
su Pte[o,T] II Ue{t, ■)||lp(QxR) < oo for each fixed £ > 0. 

Step 2. Next we estimate Aft_ Hp u e (t), and observe that we are able to handle this term 
directly (namely without invoking Picard’s iterations). We can write 

/ E\u £ (t, x) — u £ (t, x + h)\ p dx < C / \p t uo(x) — p t uo(x + h)\ p dx 


+ C e / E 


<C / | pt.uo(x) - p t u 0 (x + h)\ p dx 


a 


I Pt-s(y) - Pt-s(y + h)\\u e (s,y + x)\dy ds 


dx 


\Pt-s(y) ~ Pts(y + h)\dy ||w £ (s, -)l \ L p(n X R)ds 


We thus end up with 


I u e(t, ■ + ^)Hi,P(fi> 


\h\ 


2-2 H 


] -dh 












38 


Y. HU, J. HUANG, K. LE, D. NUALART, S. TINDEL 


< c 


x 


\\p t u 0 (-) - p t u 0 (-+ h)\\ 2 LP(R) 


\h\ 


2—2H 


dh + C £ sup ||« e (s,-)||L ( n> 



(Jr \pt-s(y) ~ Pt-s(y + h)\dy\ 


\h\ 


2-2 H 


se[0,T] 


dhds, 


and the right-hand side in the above inequality is easily seen to be finite. Putting together 
the last two steps, we can conclude that for each fixed e, u £ 6 ZJf. 

Step 3: Uniform bounds in e. To prove the norms of u £ in ZJf are uniformly bounded in e, 
we note that u £ satishes the equation 


u e {t,x) =p t Uo(x ) + 
Hence we have 

E\u £ (t,x)\ p < C\p t u 0 (x)\ p + CE 


<C\p t u 0 (x)\ p + CE 




[{p t -s{x - -Mu e (s, •))) * p £ ](y)W(ds, dy ). 


^(ptsix- -)a(u £ (s, -)))(0| 2 e e|?|2 |^| 1 2H dfds 



\^( P Ux--)a(ue(s,-)))(0\ 2 \e- 2H ^ds 


(4.36) 


Going back from Fourier to direct coordinates, one can check that 

E\u £ (t,x)\ p < C \p t u 0 (x)\ p + T>i(t) +V 2 (t), 

with 

, ft r 

12 ii , _ _ , __ , j \ 112 1 1 1 2H—2 


Pi («) = 



0 J R 2 


I Pt-siy) -Pt-s(y + h)\ \\u £ (s,y + x + h)\\ LPm \h[ 


and 


V 2 (t) = 



\2H-2 


\Pt-s(y) I II u £ (s,y + x + h) -u £ (s,y + x)\\ LPm \h\ A 

1 0 J R 2 

These terms are treated exactly as the terms Di,D 2 in the proof of Lemma 4.2, except for 
the fact that a = 0 in the current situation. We obtain 


\ u e(t, -)llLp(nxR) < c ||uo||lp(r) + C I (t - s) H 1 1| u £ (s, ■)|| l P(QxR) ds 


+c (t-s) 2 K(s, •) -u E (s, ■ + h)\\ 2 LP{nxR) \h\ 2H 2 dhds . (4.37) 

Jo J R 

Similarly we get (see also the bounds for the terms X \, I 2 hi the proof of Theorem 4.5) 

[A < C f |M-) -u 0 (- + h)\\ 2 LP{R) \h\ 2H - 2 dh 


+c / {t-sy"-*\\u £ (s,-)\\ 2 LP{n> 


\ds 



+C (t-s) ||u e (s, •)-u £ (s, ■ + OllLp(nxR)KI dlds ■ ( 4 - 38 ) 
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Set 

*(t) = ||M e (t,-)||ip(nxR) + 

Thus combining the estimates (4.37) and (4.38) yields 

y(t)<C\\u 0 \\l Pm +C [ K(-) - u Q (- + h)\\ 2 LPm \h\ 2H - 2 dh + C f (t - sf H ~H{s)ds. 

Jr Jo 

Since we have shown that for each fixed e, ||z/ £ || 2 p < oo, we can apply the Gronwall type 
Lemma 4.26 to the above inequality to show that 

sup ||u e ||^p < oo . 
e>o T 


Step 4: u is an element of Zip. Recall once again that we have decomposed ||tz|| z p according 
to relation (4.1). We now bound || u(t, -)llip(nxR) an d Nl_ Hp u(t) in this decomposition. 


\—H 


Since u £ converges to u in Xf a.s., we have u £ (t,x) —> u(t,x ) a.s. for each (f, x) E 
x R. Thus by Fatou’s lemma, 


u(t, -)||lp(QxR) = E / lim \u £ (t, x)\ p dx ) < lim E / \u £ (t, x)\ p dx) <C. 


i £—^0 


£—^0 


Therefore we conclude that sup tg [ 0 T ] || u(t, •)||lp(OxR) is finite. On the other hand, for each x 
and h we have | u £ (t,x + h) — u £ (t,x )| 2 —* | u(t,x + h) — u(t,x) | 2 a.s., so by Fatou’s lemma 
again we obtain 

f \\u(t,- + h)\\ 2 lp{q> 

J\h\<l 


\h\ 


2-2 H 


-dh < 


lim 


£->■0 l|w(^j ' + u e{t-i ') IIlp(Q> 

12—2 H 


\h\< 1 \h[ 

l|w(^> ' + h) — u e(fi ') ||lp(Q> 


-dh 


< lim / 

^0 J |/i|<l 


\h\ 


2-2 H 


-dh. 


The desired bound on -N"t_ Hp u(t) is obtained from the inequality above, by handling the 
integral on the domains \h\ < 1 and \h\ > 1. In the latter case, we simply bound || u(t, ■ + 
h) - u(t , -)llLP(nxR) b F 2 IK*» ')||lp(OxR) ■ By doing so, we conclude that 


SUp U(t) = SUP 


\u(t,- + h) — w(t, ■)llip ( n > 


te[o,T] 


te[o,T] 


\h\ 


2-2 H 


-dh < oo . 


Together with the previous estimate on || u(t, OIIlpiUxR), we conclude that u G Zf. 


□ 


We now state a convergence result for stochastic integrals, with respect to the approxi¬ 
mating noise W e . 

Lemma 4.29. Let u n (t,x ) be a solution to the equation 


u n (t,x ) = p t u 0 (x) + 



Pt-s(x - y)°(u n (s, y))W n (ds , dy ), 


where we have set W n = W £n (recall that W £ is defined by (4-30)) for a sequence {e n , n > 1} 
satisfying lim n _ ) . 00 e n = 0. We assume the following conditions: 


(i) with probability one, u n converges to u in Xf 


b-H 
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(ii) sup n ||M n ||^,p < oo, with | — H < (3 < H and p > -j|. 

3 ^_ j j 2 

Then the process u belongs to Xf : . Furthermore, for any fixed t < T and x G R, the 
random variable <& n (t,x) = f Q f R p t - s (x — y)cr(u n (s,y))W n (ds,dy ) converges a.s. to&(t,x) = 
fo f R Pt-s(z - y)<*(u(s, y))W(ds , dy), as n ^ oo. 


Proof. We focus on the convergence part and decompose the difference <F(f, x) — <F n (f, x) into 
(<&(£, x) — < h n,1 (f, x)) + ($ n,1 (f, x) — <F n (£, x)), where 

$ n ’\t, x) = [ [ pt- s {x - y)a(u(s,y))W n (ds,dy). 

Jo Jr 

Now we note that <£>(£, x) — 4> n,1 (f, x) can be expressed as 



Pt-s(x - y)<r(u(s, y))W(ds , dy) 



l(pt- s {x- -)(t{u{s, •))) *p £n \ ( y)W(ds,dy ), 


and thus 


E |$(t,x) - <f> n ’ 1 (t,x)|' 


= C E 



£ n |£| 

e 2 


I J 7 (Pt- S (x - -)a (u(s, •))) (Ol 2 Ifl 1 2H dfds 


The latter quantity obviously converges to 0 as e n goes to 0 because of the finiteness of 


E 



\T(p t _ s (x--)cr(u(s,-)))(0\ 2 \Z\ 1 - 2H dZds, 


which can be seen by an application of Fatou’s lemma (as in Step 4 of the proof of Lem¬ 
ma 4.28). 

It remains to show that lirn^oo E| < 3> n,1 (t, x) — <F n (£, x)\ 2 = 0. However, similarly to (4.36), 
we have 

2 


E [|<F Tl ’ 1 (t,x) — $ n (t,x)\ 2 ] < E 



Pt-s{x-y)f n (s,y)W(ds,dy) 


where we have set f n = cr(w n ) — a(u). Furthermore, appealing to Proposition 4.21, we 

1 _ JJ 

see that f n converges to 0 in Xf . We will verify that f n satishes the conditions (Cl)- 
(C3) of Lemma 4.30 below. Indeed, (Cl) is verified by assumption (i). (C2) is verified by 
assumption (ii) and the estimate (3.14). (C3) is readily assumption (ii). Then an application 
of Lemma 4.30 completes the proof. □ 


Lemma 4.30. Suppose that {f n , n > 1} is a sequence of stochastic processes belonging to 
X(fi v with J — H < /3 < H and p > A. Assume that the following conditions hold: 

(Cl) With probability one, f n converges uniformly to 0 over compact sets of [0, T] x R. 
(C2) For every R > 0, sup n swp st ^ o;T]i]x] < R E\f n (t,x) - f n {s,x)\ p < C\t - s\ p %. 

(C3) sup ||/ n ||^, P < M, where M is a finite number. 
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Then for every t <T and 16 R the random variable Y n (t,x ) defined by: 


Y n (t, x) = 

converges to 0 in L 2 {fil). 



Pt-s(x - y)f n (s , y)W{ds, dy) 


\-H, 2 


Proof. We first observe that Proposition 4.16 asserts that f n belongs to Xf ’ . Next, we 


±~H, 2 


show that {f n , n > 1} is relatively compact and converges to 0 in Xf . For this purpose, 
we verify the three conditions (l)-(3) of Proposition 4.20. Condition (2) in Proposition 4.20 
is evident from (C2). Condition (3) in Proposition 4.20 follows from the following inequality, 
where 6 < 1 


f \\f(t,x + y) - f(t,x)\\ 2 LHn) \\f(t,x + y) - f(t,x)\\\ 2m r 

/ - 1 , 2 -oh - d y - su p- rm -/ \y\ 

l\y\<s \y\ \y\<l \y\ P j\y\<5 


2/3+2H-2 


dy. 


In fact, the first factor on the right side of the above inequality is uniformly bounded in 
(t,x) G [0, T] x R because of inequality (4.16) and the fact that f n is bounded in X by 
condition (C3). Taking into account that fi > 1/2 — H, the second factor converges to 
zero as 6 tends to zero. To verify condition (1) in Proposition 4.20, we fix t,x and note 
that (Cl) implies f n (t,x) converges almost surely to 0. On the other hand, E|/ n (i, x)\ p is 
uniformly bounded, where p > 2. These two facts imply {f n (t,x)} converges to 0 in L 2 (Q), 
thus condition (1) in Proposition 4.20 is verified. Furthermore, condition (Cl) ensures that 
0 is the only possible limit point of {f n } in X^ 2 H ' 2 . We conclude that f n converges to 0 in 

t 1/2-H,2 

T\-rp . 

Let us now prove that Y n (t, x) converges to 0 in L 2 (Q). Applying (3.3) we get E| Y n (t, x)\ 2 < 
C (Ji(t) + J 2 (t )) with 


and 



\pt- s {x - y - z) - p t - s (x - y)\ Ef n (s,y + z)\z\ dydzds 


\Pt-s(x-y)\ E\f n (s,y + z) - f n (s,y)\ \z\ “dydzds . 


Now for every fixed e > 0 we choose R > 0 sufficiently large such that 

[\p t -s(y)\ 2 + [A/i_ H p t -s(x -y)] 2 ]dyds <e. 

1 o J\y\>R 

With this choice of R we choose n so that 



sup E//(s, y) + sup 
se[o,T], |j/|<ii se[o,T],|j/|<fl. 

By making a shift in y, we end up with 


E\fn{s,y + z)-f n (s,y)\\y\ dy < e . 


Mt) = 
< 



I Pts(x-y) - p t - s (x - y + z)\ 2 Ef n (s,y)\z\ dydzds 


/ sup Ef 2 (s, y) 
' 0 \y\<R 


\y-x\<R 


[fifi_ H pt- s (x - y)] 2 dyds 
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< Ce + CM 
Similarly, 



+ sup E f n (r,w) 

rS[0,T], wGM. 

[M'i_ H Pt-s(x - y)] 2 dyds. 



0 J\y—x\>R 


[J\fi_ H Pt-s(x - y)fdyds 


0 J\y\>R 


J 2 {t) <Ce +CM 



\>R 


Pt- S (y)dyds. 


Then E|T n (f,;c)| 2 < Ce for n sufficiently large. This implies the result. 


□ 


Finally, the techniques we have designed to get existence and uniqueness for equation (1.1) 
also allow us to obtain the following moment bound for the solution. 

Theorem 4.31. There are some changes in the formulae for this theorem. Assuming the 
conditions in Theorem 4.25, then a solution of (1.1) satisfies following moment bounds 


sup||u(t,ic)||LP(n) < 2||w 0 ||e 0 expj^op^f}, 


rrEM 


(4.39) 


and 


BuvNi/ 2 -H,pu{t,x) < 2||tto|| eo £ o 1 exp{0 o P H t} , 




where we recall that Af±/ 2 -H,p is defined by (3.2), and where for any e > 0 we have: 


INI. := sup \uq(x) | + £ sup 


\uq(x + h) — u 0 (x)\ 2 \h\ 2H 2 dh 


In the formulae above, Co is as defined in (3.12), and we have 0 o = (foCo)* 1 ^} ^ II<^11 Lip? 

and £q = (6Co) 1_ 2ir/t4i? _ ^p^ _ 4i? ||cr||L ip 2if • In addition, from Proposition 4-7, we see that the 
initial condition Uq is Holder continuous with order (3 q, then by Proposition 3.8 we have 


II u(t,x) -u(s,y)\\ LP{n) < C(\t — s\ ? a/ 2 ° + \x - y\ HA P°) 
for all s,t G [0, T] and x, y e M. 


(4.40) 


Proof. We will apply Proposition 3.6 by taking / to be the solution u to equation (1.1), and 
combine it with the mild formulation of the solution. For every fixed e > 0, by noticing that 
\\Pt u o\\x p Tgs < Nil*, we get the following bound 


\u\\ r p < ■ 

1 l|X r,0,£ 


+ C 0 \\a\\ U pVp\\u\\ X P Tge ^ *6 a + £ 1 K \q *+£k h 404 . 

We optimize the formula above by choosing £ = ki _ t0 _ i + t, in order to obtain 
'Ml**,. < \\uo\\e + 3 Co\\a\\ Up ^\\u\\ X P Tg ^-h-% , 


T,6,e 


then choose 6 = 9 0 so that 3Co\\<y\\u P y/p^ 2 2 @ 2 = h that i 


is 
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Plugging this choice into the above inequality gives the bound 


\u\\ x p < 2 
1 ^ 0’ e 0 


£0 * 


from which our claims are easily deduced by noticing that the constant Cq does not depend 
on T. □ 

We now show the matching lower bound in term of n and t for the second moment. 
Proposition 4.32. Under the conditions of Theorem f.25, let u be a solution to the equation 


u(t,x ) = p t u 0 (x ) + 



Pt- S (x - y)<r(u(s, y))W(ds, dy). 


(4.41) 


Suppose that u 0 is a bounded nontrivial function and there is a positive constant cr* such that 
\a(z)\ > <7*|*| for all Then there exist some universal constants C and L such that 


2 i H ds. 
h?~ h 


(4.42) 


(4.43) 


E\u(t,x)\ 2 > C ^ U °^\ xp{LaPK'-h} 

IKIU* 

Proof. Applying ltd isometry to equation (2.12), we see that 

E\u(t,x)\ 2 = \p t u 0 (x)\ 2 + c hH E f || p t _ a (x-y)a{u{s, 

Jo 

Let us recall the well-known Sobolev embedding inequality 

\\9\\ kh -*>c\\9\\ L i, VgeH^- H (R). 

Hence, together with our assumption on a, it follows that there exists some positive constant 
b such that 

E\u(t,x)\ 2 > \p t u 0 (x)\ 2 + balE [ \\p t - 8 (x - -)u( s >')KJi ds . 


LH I 


Since 2 H < 1, applying Jensen inequality we see that 


\\pt- s (x- >(s,-)||^_ (]R) = ^J^p t H _ s \x-y)\u(s,y)\Hp t - s (x-y)dy 

> [ PtI 2H (x-y)\u(s,y)\ 2 dy. 

Jr 

It follows that 

E\u(t,x)\ 2 > \p t u 0 (x)\ 2 + bal 
Iterating the previous inequality yields 

OO 

E\u(t,x)\ 2 > \p t u 0 (x)\ 2 + ^2(bcrl) n I n (t,x) . 

In the above, we have adopted the notation 


Pt-s H ( x ~ 2/) e Ks> y)\ 2 dyds 


2 H 



(4.44) 


n=l 


I n (t,x) = 


Pt-s*(x - y n ) ■ ■■p i2 sAy 2 - yi)\p sl uo{yi)\ 2 dyds 


3-2 H 


2 7-7- 


’T n (t) 
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where T n (t) = {(si,...,s n ) G [0,t] n : 0 < Si < • • • < s n < t} and dy = dyi---dy n , 
ds = ds\ ■ ■ ■ ds n . Note that for every x, z G M and a, b > 0, the following identity holds 

[ pl~ 2H (x - y)p 3 b - 2H (y - z)dy = (3 - 2 H)~h 

Jr 

We thus can compute I n (t,x ) by integrating y 3 ; s in descending order starting from y n . This 
procedure yields 


( 2iTKab\ 


V a + b 


H -1 






I n (t,x) = (3 - 2 H) ”2 x 


I \ r _ 7 L f[ 27r/c ( s J 

>T n (t) \ t~s i j=2 


H-l 


Pt-sf~ yi)\p sl uo{yi)\ 2 dyids . (4.45) 


On the other hand, for every fixed R > 0, applying Jensen inequality, we see that 


Pt-s?( x ~ yi)\PsiUo(yi)\ 2 dyi > p\J^{R) 


> p!z™(r)r - 1 (J 


\x—yi\<R 


Pt- S1 ( x ~ yi)\Ps 1 u 0 (y 1 )\ 2 dy l 


Pt- S1 ( x - yi)Ps! * uo(yi)dyi 


'\x-yi\<R 

The integral on the right side can be rewritten as 


(4.46) 


p t u 0 (x) - 


Pt- S1 ( x - y 1 )p si * u 0 {yi)dy 


i • 


J\x-yi\>R 

Since u$ is bounded, we see that \p Sl * no(?/i)| < ||wo||l°° and hence 


\x-yi\>R 


pt- Sl (x - yi)p Sl *u 0 (yi)dy 1 \ < ||u 0 |U° 


Pt- 8 ! ( y)dy 


J\y\>R 
= \\Uq\\ L ^~^ / 


e" z dz. 


’\z\>- 


y/2 K(t — Sl) 

For every hxed e in (0,1), we now choose R = M\j2n(t — si) where M is such that 

e -(i-2H)M 2 _ e . j|. f 0 n 0WS that 


Pt- 


1 t : 2 i H {R)R ~ 1 = n H ~ l 2 { 2 K (t - 


and 


| / p t - Sl (x - y 1 )p Sl *u 0 (yi)dyi\ > \p t u 0 (x)\ - ||w||ooe M "M 1 . 

J\x-y\\<R 

Together with (4.46), we see that 

[ pl™(x - yi)\p s Myi)\ 2 dyi > ce- M 2 M-\K(t - s^n - 1 (\p t u 0 (x)\ ~ M~ x \\u^ ||l° 

J R V 

for some universal constant c. Hence, upon combining the previous estimate and (4.45), we 
arrive at 

„ n+1 

In(t,x) > ec n R {H ~ 1)n / T\(sj - sj^^ds (\p t u 0 (x)\ - e||nolU-) 2 
JT n (t) j=2 
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where s n+ i = t and c is some universal constant. It is elementary (see Lemma 5.3 below) to 
compute 

T^/TT\nj.nH 


n< 


s i -1 


\H- 1j, 


ds = 


JT n (t) j _2 

Therefore, together with (4.44), we obtain 


T(H) n t r ‘ 
T(nH + l) 


E|w(t, x)\ 2 > e(\p t u 0 (x)\ - e||M 0 |U-) 2 X]( c&r (^)) i 


(aj 1 k , 1 Ht) nIi 
T(nH + l) 


n =0 


We now recall the elementary bound Y2 n >o x n /(n\) a < 2 exp(cx 1 /®), which can be found e.g 
in [4, Lemma A. 1]. Together with the previous inequality, this yields: 

E\u(t,x)\ 2 > Ce(p t u 0 (x) - e\\u 0 \\ L ™) 2 e La ? K ~ Ht . (4.47) 

By choosing e = , we conclude the proof. □ 


Remark 4.33. (i) We can add a drift b(u(t,x)) in equation (1.1), and if the function b is 
Lipschitz continuous with 6(0) = 0, the results we have obtained on the existence and 
uniqueness of a solution can be extended to equations with drift. 

(ii) If we only assume that the initial condition Uo is bounded and 

sup / \u 0 (x) — u 0 (x + h)\ 2 \h\ 2H ~ 2 dh < oo , (4.48) 

zeR Jr 

and we only assume that a is Lipschitz. Then from the proof of Theorem 4.25 it is easy to 
see that we have the weak existence of a solution to equation (1.1). The assumption (1) in 
Theorem 4.25 and the condition that the derivative of a is Lipschitz and cr(0) = 0 are only 
used to show the uniqueness. 


5. The Anderson model 


In this section we will study the special case of equation (1.1) when the function cr is the 
identity function. This is a continuous version of the so-called parabolic Anderson model. 
In this case equation (1.1) is reduced to 


du 

dt 


k d 2 u 
2 dx 2 


+ uW 


(5.1) 


with deterministic initial condition u(0,x) = Uo(^)- This reduced form allows for some 
simplified versions of the existence-uniqueness theorems, and also some Feynman-Kac rep¬ 
resentation which is useful for intermittency estimates. 


5.1. Existence and uniqueness. With some restrictions on the initial condition Uq(x), the 
existence and uniqueness of the solution to this linear equation stems directly from Theorems 
4.5 and 4.25. However, we shall prove this result again by means of two different methods: 
one is via Fourier transform and the other is via chaos expansion. We include these methods 
here for two reasons: first, they lead to proofs which are shorter and more elegant than in the 
case of a general coefficient cr; secondly, the assumptions on initial conditions are different. 
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5.1.1. Existence and uniqueness via Fourier transform. In this subsection we discuss the 
existence and uniqueness of equation (5.1) using techniques of Fourier analysis. 

We recall that is the class of functions / : R —y M. such that there exists g G 

L 2 (M) such that / = I l J 2 H g. Let Hf H be the set of functions / G L 2 (M) such that 
J R |J r /(0| 2 |^ 1 " 2 ^ < oo. These spaces are the time independent analogues to the spaces 

Sj and Sj 0 introduced in Proposition 2.1. We know that the inclusion Hf C Hz~ H is strict 


\-h . 


'o 

1 

2 


and Hf “ is not complete with the seminorm [J R M/(0| 2 |£| 1 2 H df\ 2 (see [25]). However, 

. 1 _ a 

it is not difficult to check that the space Hf is complete for the seminorm 

1-2 H\ 


imi/ irmni + izrndc 


In the next theorem we show the existence and uniqueness result assuming that the ini- 

. 1 _ a 

tial condition belongs to Hf and using estimates based on the Fourier transform in the 
space variable. To this purpose, we introduce the space Vt(H) as the completion of the 

. 1__ a 

set of elementary Hf -valued stochastic processes {u(t,-),t G [0,T]} with respect to the 
seminorm 

i 2 -" |2 (5.2) 


Ml V T (H) SU P E||«(t, -)llv(H)- 

te[o,T] 


We now state a convolution lemma. 

Proposition 5.1. Consider a function uq G H { 
set r(r>) = V in the following way: 


i-H 


and | < H < For any v G Vt(H) we 


T(u) := V (' t , x) = p t Uo(x) + 



pt- s (x ~ y)v(s,y)W(ds,dy), t G [0,T], iGl 


Then T is well-defined as a map from Vt{H ) to Vt{H). Furthermore, there exist two positive 
constants c±,C 2 such that the following estimate holds true on [0, T]: 

\\V(t,-)\\l {H) <Ci||u 0 |lv(H) + c 2 / (t-s) 2 H ~ 3/2 \\v{s,-)\\l {H) ds. (5.3) 


Proof. Let v be a process in Vt{H) and set V = T(r;). We focus on the bound (5.3) for V. 

Notice that the Fourier transform of V can be computed easily. Indeed, setting v 0 (t,x) = 
PtUo(x) and invoking a stochastic version of Fubini’s theorem, we get 


rv{t,o = rvo(t,o + 



e lxi p t -s{x — y) dx ) v{s,y)W{ds,dy). 


According to the expression of IFpt, we obtain 

JV(t,0 = ^o(f,£)+ T / e-^e-f d-^ 2 v ( s ,y)W(ds,dy) 


We now evaluate the quantity E[/ R |J r H(t,^)| 2 |^| 1 2 H df] in the definition of ||un||v T (H) given 
by (5.2). We thus write 
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E 


\rv(t,om- 2H dt 


E 


<2 / 



-i£y e ~% (t-s)t 2 


v(s,y)W(ds,dy) 


| e | 1 - 2 "^:= 2(/ 1 + / 2 ) , 


and we handle the terms I\ and J 2 separately. 


i -H 


The term I\ can be easily bounded by using that u 0 G Hq and recalling v 0 = Pt.u 0 . 
That is, 

h = f T«„(f)|V'“ l 5 |, kl 1 - 2 "<if <C|MW 

Jr 

We thus focus on the estimation of J 2 , and we set /e(s,?7) = e _ ^ T? e _ th _s )? v(s,r]). Applying 
the isometry prof 
in (2.7), we have: 


the isometry property (2.10) together with the Fourier transform expression for ||/<.|| ■ l_ h 


E 



e -^y e -%(*-^ 2 v ( s , y )W{ds, dy) 


= Ci u 



E [l^/?( s Ai)| 2 ] Ivl 1 2H dsdri, 


where is the Fourier transform with respect to r/. It is obvious that the Fourier transform 
of e~ l ^ v V{y) is JFV{r\ + 0- Thus we have 



We now bound \q — 2H by I 771 1 2H + l^ 1 2H , which yields / 2 < / 21 + J 22 with: 


/21 = c f [ [ e -^- s) « 2 E [\Fv(s,rj)\ 2 ] M 1 - 2 *^ 1 - 2 * dyd^ds 

I22 = C f [ [ e-^- s ^ E [|J+(s, rj) | 2 ] |£| 2 ~ 4H drjd^ds . 

•J 0 J M J M 

Performing the change of variable £ — > (t — s) 1 / 2 ^ and then trivially bounding the integrals 
of the form f R |£| l 3 e~ K ^ 2 dC, by constants, we end up with 

h\ < C j (t-s) H ~ l f E [|Wp(s, 77)| 2 ] lyl 1-211 dyds 
J 0 Jr 

h2<C f (t - s) 2H ~ 3/2 f E [\Fv(s,ri)\ 2 ] dyds. 

Jo Jr 

Observe that for H G (|, |) the term (t — s) 2H ~ T 2 is more singular than (t — s) H ~ 1 , but we 
still have 2 H — | > —1. Summarizing our consideration up to now, we have thus obtained 


[ E[|JV(t,£)| 2 ] iei 1_2H ^ 

Jr 

< C lt T ||u 0 ||v(H) + C 2 ,T f (t-s ) 2H ~ 3/2 [ E [|.Fu(s,£)| 2 ] (1 + 1 C\ 1 ~ 2H )d^ds, (5.4) 

Jo Jr 

for two strictly positive constants C^t, C 2 ,t- 
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The term E[J K \JFV(t, £)| 2 d£] in the dehnition of ||E||v t (h) can be bounded with the same 
computations as above, and we find 

[ E[\TV(t,0\ 2 } d£ 


<Ci,T||tio|lv(H) + c 2,T / (*-s) H 1 / E [|Ji>(s,0| 2 ] (1 + IJI 1 2 H )dr]ds, (5.5) 

Jo Jr 

Hence, gathering our estimates (5.4) and (5.5), our bound (5.3) is easily obtained, which 
finishes the proof. □ 

As in the general case, Proposition 5.1 is the key to the existence and uniqueness result 
for equation (5.1). 


A-h 


Theorem 5.2. Suppose that w 0 on element of H 0 
there is a unique process u in the space Vt(H) such that for all t G [0, T], 


and j < H < Fix T > 0. Then 


u(t, •) = p t u 0 + 



Vt-s{■ - y)u{s, y)W(ds, dy ). 


(5.6) 


Proof. The proof follows from the standard Picard iteration scheme, where we just set u n+ \ = 
r(u n ). Details are left to the reader for sake of conciseness. □ 


5.1.2. Existence and uniqueness via chaos expansions. Next, we provide another way to prove 
the existence and uniqueness of the solution to equation (5.1), by means of chaos expansions. 
This will enable us to obtain moment estimates. Before stating our main theorem in this 
direction, let us label an elementary lemma borrowed from [18] for further use. 


Lemma 5.3. For m > 1 let a G (—1 + e, l) m with £ > 0 and set |a| = J2i=i a i- Eor 
t G [0, T], the m-th dimensional simplex over [0, t] is denoted by T m (t ) = {(r 1; r 2 ,..., r m ) G 
: 0 < rq < • ■ • < r m < f}. Then there is a constant c > 0 such that 


Jmifj ®) 



— rj_i) Qi dr < 


c m^\a\+m 

r(|aj + m + 1) ’ 


where by convention, vq = 0. 


Let us now state a new existence and uniqueness theorem for our equation of interest. 
Theorem 5.4. Suppose that 3< H < \ and that the initial condition Uq satisfies 

[ (1 + \^- H )\Eu 0 (f)\df < oo . (5.7) 

Jr 

Then there exists a unique solution to equation (5.1), that is a process u G A h (remember 
that A h is defined in Proposition 2.3) such that for any (t,x) G [0, T] x R, relation (2.12) 
holds true. 

Remark 5.5. (i) The formulation of Theorem 5.4 yields the dehnition of our solution u for 
all (t, x) G [0, T] x R. This is in contrast with Theorem 5.2 which gives a solution sitting in 

. 1 _ jtj 

FJq for every value of t , and thus defined a.e. in x only. 

(ii) Condition (5.7) is satisfied by constant functions. 
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Proof of Theorem 5.f. Suppose that u = {u(t,x), t > 0,x G M d } is a solution to equa¬ 
tion (2.12) in A h- Then according to (2.14), for any fixed (t,x) the random variable u(t,x ) 
admits the following Wiener chaos expansion 

OO 

u(t, x ) = x )) > ( 5 - 8 ) 

n=0 

where for each (t,x), f n (-,t,x) is a symmetric element in $)® n . Furthermore, we have seen 
that fto and Skorohod’s integral coincide for processes in Ah- Hence, thanks to (2.16) and 
using an iteration procedure, one can find an explicit formula for the kernels f n for n > 1. 
Indeed, we have: 


fn\S 1? • • • j 

= —\Pt-s a (n)(. X — X <y{n)) ' ' 'Ps a r( 2 )-S<r(l)( a ' 0 '( 2 ) _ ^(l))P« tr ( 1 )^0(^ofl)) ) (5-9) 

where a denotes the permutation of { 1 , 2 ,..., n} such that 0 < s^i) < • • • < s^n) < t (see, 
for instance, formula (4.4) in [19] or formula (3.3) in [18]). Then, to show the existence and 
uniqueness of the solution it suffices to prove that for all (t, x) we have 

OO 

^2 n \\\f n (-,t,x)\\l m < oo . (5.10) 

71=0 

The remainder of the proof is devoted to prove relation (5.10). 

Starting from relation (5.9), some elementary Fourier computations show that 


•F fn(s 1, ■ j S n , t, X) 


'H 


n\ 


n 

~J~~J g ~2 (^o-(z+l) s cr(i))l“Ccr(l) Cl 

i =1 


Xe « 4 £ a(n )+-+£ T (i) Ojr Uo (Q e 



d(, 


where we have set So-( n +i) = t. Hence, owing to formula (2.7) for the norm in Sj (in its Fourier 
mode version), we have 


n\\\U,t,x)\\l®„ = 


f f 

J[0,t] n J R" 


i =1 


| | g 2 (^cr(*+l) s cr(i))|Ci _ l l“Cl Cl g ^(Ccr(n)H I“C(t(1) C) 

n 

II l&| 1_2Hc ^ds, (5.11) 


, . K Mi) lcl 
Tu 0 (C)e - —d( 


2 n 

X 

i= 1 


where df denotes df\ ■ ■ ■ df n and similarly for ds. Then using the change of variable f t + 
• • • + — rji, for all i — 1 , 2, ..., n and a linearization of the above expression, we obtain 


J2n 


n!||/nM,*)|lS®n = 4 / / 

n - J[0,t] n JM. n 


jQ e -f(^(i + i)-^ W )(l^-CI 2 +| % -C'l 2 )jr Mo (^ -7 r Mo (^/) 


i =1 


2_u/-'|2\ 71 


x e 


ix{( 


aA ^crdidCr+K I ) 

^ ) P> 2 


III Vi ~ Vi- il 1 2 H d(d('dr)ds , 


i=l 








50 


Y. HU, J. HUANG, K. LE, D. NUALART, S. TINDEL 


where we have set r/ 0 = 0. Then we use Cauchy-Schwarz inequality and bound the term 
exp(-Rs <T( i)(|C| 2 + K'H/2) by 1 to get 




< 


„2n 

n\ 




1 

2 



\Fuo(0\\Fuo((')\d(d('. 


Arranging the integrals again, performing the change of variables r/j := rj t — Q and invoking 
the trivial bound |rji — 77j_ 1 | 1_2H < + \rji \ l ^ 2H , this yields 


0 2 n 

H 


n\\\fn(-,t,x)\\^ n < — 


n\ 


LUO R“o«)K 


(5.12) 


where 


LnAO 

~ K ’( s a(i+l)~ s a(i))\Vi I “ ^ | ^ | 1 — 27/ _j_ I ^ I 1 — 27/ 

i =2 

Let us expand the product n^ 2 (I 7 ?*1 1—2jp/ + |77j_i| 1-2H ) in the integral defining L n A0- We 
obtain an expression of the form YlaeD, , mu h\ ai , where D n is a subset of multi-indices of 
length n — 1. The complete description of D n is omitted for sake of conciseness, and we will 
just use the following facts: Card(D n ) = 2 n ~ 1 and for any a G D n we have 

n 

\a\ = cq = (n — 1)(1 — 2H), and cq G {0,1 — 2H, 2(1 — 2H)}, i — 

1=1 

This simple expansion yields the following bound 


) x 2H + I'm- il 1 2H )drjds. 



L n ,t(0 < ICI 1-2 ^ / / f[e^ K{s ^ i+1) ~ s ^ )M2 f[h\ ai dvds 

a€D n A n i=1 *=1 

P P n n 

aeT?„ J $A n J K" *=i i= i 


Perform the change of variable = (/c(so-(i+i) — )) x ^ 2 r\i in the above integral, and notice 

that / R is bounded by a constant for a* > —1. Changing the integral over [0,f] n 

into an integral over the simplex, we get 

P n 

LnAO < C\C,\ l ~ 2H n\c n H / JJ(r(s/+i - Si))~^ 1+ai) ds. 

a€D n d T n(t) j =1 

P n 

+Cn\c n H Y] / (k(s 2 - si)) ^ TT(7c(s i+ i - Si))~^ 1+Qi) ds. 

a£D n d T n{t ) j=2 
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We observe that whenever j < H < |, we have |(1 + a*) < 1 for all i = 2,... n, and it is 
easy to see that an is at most 1 — 2 H so |(2 — 2 H + ai) < 1. Thanks to Lemma 5.3 and 
recalling that ^” =1 a* = (n — 1)(1 — 2i/) for all a G D n , we thus conclude that 


wo < 


C(t H ^k h 2 + l^] 1 2H )n\djjt nH n nH n 
Y{nH + 1) 


Plugging this expression into (5.12), we end up with 


r n 4-nH K nH—n 

nl\\f n (;t,x)\\^ n < H 


+ |C|^)IWOMC 


(5.13) 


T(ntf + 1) 

The proof of (5.10) is now easily completed thanks to the asymptotic behavior of the Gamma 
function and our assumption of and this finishes the existence and uniqueness proof. □ 


5.2. Moment bounds. In this section we derive the upper and lower bounds for the mo¬ 
ments of the solution to equation (5.1) which allow us to conclude on the intermittency of 
the solution. We proceed by first getting an approximation result for u, and then deriving 
the upper and lower bounds for the approximation. 


5.2.1. Approximation of the solution. The approximation of the solution we consider is based 
on an approximation of the noise W, which is defined in (4.30). The noise W £ induces an 
approximation to the mild formulation of equation (5.1), namely 

pt r 


U e (t,x ) = p t u 0 (x) + 


Pt-s(x - y)u e (s, y) W e (ds, dy ), 


(5.14) 


Jo Jr 

where the integral is understood (as in Section 5.1.1) in the ltd sense. We will start by a 
formula for the moments of u £ . 


Proposition 5.6. Let W £ be the noise defined by (4.30), and assume | < H < |. Assume 
u 0 is such that J R (1 + |£|^~ i/ )|^ M o(OM£ < oo. Then 

(i) Equation (5.14) admits a unique solution. 

(ii) For any integer n > 2 and (t,x) G [0, T] x R, we have 


E«((,i)] = E 


B 


n u o( x + Bit) exp 

j= 1 





(5.15) 


with 


Vff= I f e (Bl-Bl)dr = 


- £ |5| 2 |^.|l-2 H e ii{BL~B k Kr ) 


dfdr. 


(5.16) 


Jo Jo Jr 

In formula (5.16), { B ] ; j = 1 ,n} is a family of n independent standard Brownian mo¬ 
tions which are also independent ofW and E b denotes the expected value with respect to the 
randomness in B only. 


(iii) The quantity E[(u e (t, x)) n ] is uniformly bounded in e. More generally, for any a > 0 we 
have 


sup E B 

e>0 


exp 


E 

1 <j^k<n 


vi 


z,j,k 


t.x 


■ = Ca < OO 
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Proof. The proof of item (i) is almost identical to the proof of Theorem 5.4, and is omitted 
for sake of conciseness. Moreover, in the proof of (ii) and (iii), we may take Uo(x) = 1 for 
simplicity. 

In order to check item (ii), set 

A tx(py) = Pe(B x K{t _ r) - y), and a{ x = (5.17) 

Then one can prove, similarly to Proposition 5.2 in [19], that u £ admits a Feynman-Kac 
representation of the form 


u £ (t,x) = E b 


exp 


(w-'Gy 



(5.18) 


Now fix an integer n > 2. According to (5.18) we have 


E[uf(t,x))=E w 

n 

ll E « 

exp 

A(Alf ) - \a\f )1 


j= 1 


\ ^ / J 


where for any j = 1 ,...,n, A F t ' x ' and a £ t ’ x 3 are evaluations of (5.17) using the Brownian 

motion BP Therefore, since W(A F tx : ') is a Gaussian random variable conditionally on B, we 
obtain 


B[#i)] = E 


B 


exp 




= E, 


3 = 1 
n 


ex p i 

3 = 1 


BJ II 2 

x II fj 


t,x 


3 = 1 
n 


.EPS 


B J ii2 
x II jj 


3 = 1 


= E 


B 


exp ( 

l<i<jf<n 


The evaluation of (Af x , Af x ‘)^ easily yields our claim (5.15), the last details being left to 
the patient reader. 

Let us now prove item (iii), namely 

sup sup E [uf(t, x)] < oo. (5.19) 

e>0 te[0,T],xgM 


To this aim, observe first that we have obtained an expression (5.15) which does not depend 
on i 6 1, so that the sup tg [ 0 T ] xgR in (5.19) can be reduced to a sup in t only. Next, still 
resorting to formula (5.15), it is readily seen that it suffices to show that for two independent 
Brownian motions B and B. we have 

sup Eb [exp (cFf)\ < oo, with Ff = [ / e" e|f|a |^| 1 “ 2H e <e(B “- § " r) d^dr, (5.20) 

e> 0 ,t£[ 0 ,T] Jo Jr 


for any positive constant c. In order to prove (5.20), we expand the exponential and write: 

Eb [(cf?)'] 

1=0 


E s [exp(cF t ')| = ^ 


(! 


(5.21) 
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Next, we have 


Eb 

\Ff) 1 

— Eg 

[ [ \\e~ iij[BKr ^~ BKr ^~ £ \^ 2 \ij\ 1 ~ 2H dfdr 




J[o,t} l Jr 1 "L, 


< [ [ TT e - K ( t -’ v ( ! ))l&+-+£il 2 l^l 1 - 2 ^ d£dr , 

7(0,*]* Jr 1 j i 


where a is the permutation on {1, 2,, 1} such that t > > ■ ■ ■ > r a ( p. We have thus 

gone back to an expression which is very similar to (5.11). We now proceed as in the proof 
of Theorem 5.4 to show that (5.19) holds true from equation (5.21). □ 

Starting from Proposition 5.6, let us take limits in order to get the moment formula for 
the solution u to equation (5.1). 

Theorem 5.7. Assume | < H < | and consider n > l, j, k £ {1,... , n} with j k. For 
(t, x) e [0, T] x R, denote by the limit in L 2 (fA) as e ^ 0 of 


V e,j,k 

*t,X 



e- e '«l 2 | ^nS^-^dfdr. 


Then E [u™(t,x)\ converges as e —>• 0 to E [u n (t,x)\, which is given by 


E[u n (t,x)) = E B 


n + x) exp [ Ci.H V t£ 


\J= 1 


1 <j^k<n 


(5.22) 


Proof. As in Proposition 5.6, we will prove the theorem for u 0 = 1 for simplicity. For any 
p > 1 and 1 < j < k < n, we can easily prove that V{f' k converges in L P (Q) to dehned 
by 

r |f| 1 - 2H e^ Bkr - BK * r) d£,dr. (5.23) 


v t j i = 



Indeed, this is due to the fact that e -E ^ 2 |£| 1-2H e*^' B " r- ' B ~ T ') converges to 
in the d£ <g) dr <E> dP sense, plus standard uniform integrability arguments. Now, taking into 
account relation (5.15), Proposition 5.6 and the fact that Vf’J’ k converges to Vf x in L 2 (Q) 
as e —>■ 0, we obtain 


lim E [uf (t, x)] = lim E B 


£—^0 


£—>0 


exp | c ] j[ V t,i 

1 <j^k<n 


jT 


= E 


B 


exp ( cur Y V t’* 

l<j^k<n 


(5.24) 


To end the proof, let us now identify the right hand side of (5.24) with E[rt ra (t, x)], where 
u is the solution to equation (5.1). For e, e 7 > 0 we write 

\e, B 1 *e' ,B 2 \ 


E[u e (t,x)u e >(t,x)]=E B exp I (A £ t ’ x , A\f x 














54 


Y. HU, J. HUANG, K. LE, D. NUALART, S. TINDEL 


where we recall that A £ t is defined by relation (5.17). As before we can show that this 
converges as £, e' tend to zero. So, u £ [t,x ) converges in L' 2 to some limit v(t,x), and the 
limit is actually in L p , for all p > 1. Moreover, E[u fc (t, a;)] is equal to the right hand 
side of (5.24). Finally, for any smooth random variable F which is a linear combination of 
hF(l[ ai fe](s)(^(a;)), where <p is a C°° function with compact support, using the fact that Ito’s 
and Skorohod’s integrals coincide on the set Ah, phis the duality relation (2.13), we have 

E [Fu e (t, s)] = E [F] + E [<W, DF)sj] , (5.25) 


where 

Y t ’ x (s,z)= (^ j pt- s (x - y)p £ (y ~ z)u e (s,y) dy^j l [ 0 , t ](s). 
Letting £ tend to zero in equation (5.25), after some easy calculation we get 


E [Fv t , x \ = E[F] + E [{DF,vp t _.(x - •))«] • 


This equation is valid for any F G D 1,2 by approximation. So the above equation implies 
that the process v is the solution of equation (5.1), and by the uniqueness of the solution we 
have v = u. □ 


5.2.2. Intermittency estimates. In this section we prove some upper and lower bounds on 
the moments of the solution which entail the intermittency phenomenon. 

Theorem 5.8. Let i< H < and consider the solution u to equation (5.1). For simplicity 
we assume that the initial condition is u 0 (x) = 1. Let n > 2 be an integer, and t > 0. 

Then there exist some positive constants c\, c 2 , C 3 independent of n, t and k with 0 < c± < C 2 
satisfying 

exp(ci7i 1+ Ti n^Tit) < E [u n {t,x)} < c 3 exp (c 2 n 1 + 'S’K 1 _ 'S’t) . (5.26) 

Remark 5.9. Observe that the upper bound in (5.26) has already been proven for a general 
coefficient cr (see (4.39)). 


Proof of Theorem 5.8. We divide this proof into upper and lower bound estimates. 

Step 1: Upper bound. Recall from equation (5.8) that for (t, x) G M+ x M, u(t , x) can be writ¬ 
ten as: u(t,x ) = Ylm=o ^rn(fm{ m , t, x)). Moreover, as a consequence of the hypercontractivity 
property on a fixed chaos we have (see [23, p. 62]) 

|| An(/m('j t, %)) ||l/™(Q) 'S (jl 1) 2 ||4n(/m(-, t, %)) ||l 2 (0) , 

and substituting the above right hand side by the bound (5.13), we end up with 

n m mff FLm — m 

rn C 2 n 2 t 2 hi 2 

|| An(/m('> || L n (fl) — Tl 2 ||7m(/m(-, ||l 2 (Q) ^ 7T • 

[T(mH + 1)] 2 

Therefore recalling again the elementary bound ^ n>0 xn /{jd.) a < 2 exp(cx 1 / a ), we get: 


| u(t, x) 


’(n) < 


^ ^ || J-m ( l, •&) 


*(«) - 


E 


m m mH Hm — m 

c 2 n 2 1 2 k 2 


m =0 


=o (T(mH + 1)) 


< Ci exp (c 2 tn h k h ) , 


from which the upper bound in our theorem is easily deduced. 
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Step 2: Lower bound for u e . For the lower bound, we start from the moment formula (5.15) 
for the approximate solution, and write 


E [<(«,*)] 


— Eg 


exp 




e-^l 2 

n 

2 

\Z\ l - 2H dtdr~nt [ e- £ '« | 2 | ^~ 2H d^ 

)] 


3 = 1 

Jr 

J\ 


In order to estimate the expression above, notice first that the obvious change of variable 
A = yields J R e -£ ^ |£| 1 ~ 2Hc ^ = Ce~^— H ) f or some constant C. Now for an additional 
arbitrary parameter rj > 0 , consider the set 


Afj — 


7r 

w; sup sup \B 3 Kr (u)\ < — 

1 <j<n 0 <r<t or/ 


Observe that classical small balls inequalities for a Brownian motion (see (1.3) in [22]) yield 
P(A r? ) > Ci e~ C2v2nKt for a large enough 77 . In addition, if we assume that A^ is realized 
and |£| < 77 , some elementary trigonometric identities show that the following deterministic 
bound hold true: | > f- Gathering those considerations, we thus get 


E [uf (t, x)] > exp (^cpn 2 J J e e ^' 2 |^| 1 2H dfdr — c 2 nte H P (A v ) 


re 1 / 2 !! 


> C exp dn 2 fe- (1 - ff) / e ' 151 \C\ l " 2H df - c 2 nte 


hPlyl 1 2H r)p _ r^n+r F — c^nKtrj 2 


We now choose the parameter 77 such that Krj 2 — e ^ H \ which means in particular that 
77 —> 00 as e —» 0. It is then easily seen that J Q e 71 e - ^ \f,\ 12H df, is of order in this 

regime, and some elementary algebraic manipulations entail 

E [<( t,x)} > C exp (cmh^e-^-n) 2 - c 2 nt£- {1 ~ H )) > Gexp (cst^n 1 ^ , 

where the last inequality is obtained by choosing = cn~^nn in order to optimize 

the second expression. We have thus reached the desired lower bound in (5.26) for the 

J_ 1 

approximation u £ in the regime e = c k h n H o~ H ). 

Step 3: Lower bound for u. To complete the proof, we need to show that for all sufficiently 
small e, E[u"(i,x)] < E [u n (t,x)\. We thus start from equation (5.15) and use the series 
expansion of the exponential function as in (5.21). We get 


E«(G)] 



771—0 


E 

^1 <j^k<n 


v; 


£,j,k 


t.x 


(5.27) 


where we recall that Vf’J’ k is dehned by (5.16). Furthermore, expanding the 777 th power 
above, we have 

= 52 f [ e-Hiil^EBle^nieil^dedr, 

aGK n , m 1=1 


E 


B 


E 

\Kj^k<n 


vrj* 
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where K nm is a set of multi-indices defined by 

K n , m = {a = (j 1 ,..., j m , A:i,. .., k m ) G {1, •. ■, n} 2m ; j t < k t for all l = 1, ..., n] , 

and B a (£) is a shorthand for the linear combination ~ n )■ The important 

point here is that Ese 1 ' 8 '*^ is positive for any a G K n>m . We thus get the following inequality, 
valid for all m > 1 


E 


B 


E 

<j^k<n 


v t £ ;j' k 


< 


E 


a£K n 




E S [e“"«>] n 16 


1-2 H 


d^dr 


i=i 


= E, 


E v ‘i 

_ \l<j^k<n 


where is dehned by (5.23). Plugging this inequality back into (5.27) and recalling 
expression (5.22) for E [u n {t,x)], we easily deduce that E[(u”(f,x)] < E [u n (t,x)}, which 
finishes the proof. □ 
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